Chwong 9. Ludng cwc dai trén mang
9.1. Cac khai niém va bai toan
9.1.1. Mang
Mang (flow network)1a mét bé nam G = (V, E, ¢, s, t), trong do:
V vaE lan lwotla tip dinh va tip cung cia mét do thi cé hwéng khéng c6 khuyén (cung néi tir
mot dinh dén chinh no).
svatla hai dinh phan biét thudc V, s goi la dinh phdt (source) vat goila dinh thu (sink).
¢ la m6t ham xac dinh trén tap cung E:
c:E — [0, +0)
e — c(e)
gan chomdi cung e € E mot s6 khong am goi 12 sitc chita (capacity)*c(e) = 0.
Bang cach thém vao mang mot s cung cd strc chita 0, ta c6 thé gia thiét rang moi cunge =
(u,v) € E ludn cé twong rng duy nhat mét cung ngwoc chiéu, ky hiéu -e = (v, u) € E, goi la
cung déi clia cung e, ta ciing coi e 1a cungddi ctiacung —e (tircla - (—e) = e). C6 thé thiy rang
sO cung can thém vao mang la mét dai lwong O(E).
Chu y rang mang 1amot da dd thi, tirc1a gitra hai dinh c6 thé c nhiéu cung néi.
Dé thuén tién cho viéc trinh bay, ta quy wéc cac ky hiéu sau:
Vé&i X, Y 1a hai tap concua tap dinh V va f: E - R 1a mot ham xac dinh trén tdp canh E:
Ky hiéu {X — Y} la tAp cic cung n6i mot tir mot dinh thudc X téi mot dinh thudc V:
{(X->Y}={e=(Wwv) EE:ueX,yeY}
Ky hiéu f(X,Y) 1a tong cacgia tri ham f trén caccunge € {X - Y}:

Fan = f@

eEX>Y
9.1.2. Luong
Ludng (flow) trén mang G la mot ham:
frE— R
e f(e)

gan cho mdi cung e mot s6 thuc f (e), goi 1a ludng trén cung e, théa man ba rang budc sau day:
® Rang budc vé sttc chira (Capacity constraint): Ludng trén mdi cung khong dwoc vuot qua
strc chira cia cung d6: Ve € E: f(e) < c(e).

* Tl nay con c6 thé dich 1a “khd ndng thong qua” hay “luu lwong”



® Rangbudc vétinh déi xing léch (Skew symmetry): V&iVe € E, ludng trén cung e va luong
trén cung déi —e c6 cung gia tri tuyét doi nhung trai diu nhau: Ve € E: f(e) = —f(—e).
® Rang budc vé tinh bao ton (Flow conservation): V&i moi dinh v khong phai dinh phét va
cling khoéng phai dinh thu, tdng ludng trén cac cung di ra khoi v bang 0: Vv € V —
{st:f{v} V) =0.
T rang budc vé tinh doi xirng 1éch vatinh bo ton, ta suy ra dwoc: Véi moi dinh v € V — {s, t},
téng ludng trén cac cung di vao v bang 0: f(V,{v}) = 0.
Gia tri ctialudng f trén mang G dwoc dinh nghia bang téng ludng trén cac cung di ra khéi dinh
phat:
Ifl = f{shV) (9.1)
Bai todn ludng cwc dai trén mang (maximum-flow problem): Cho mot mang G v&i dinh phat s
va dinh thu t, ham strc chira ¢, hay tim mét luong c6 gia tri I¢n nhat trén mang G.
9.1.3. Luong dwong

Ludng dwong (positive flow) trén mang G la mot ham
@:E— Ry
e— ¢(e)
gan cho modi cung e mot s§ thwe khong Am ¢(e) goi 1aludng dwong trén cung e thdéa man hai
rang budc sau day:
® Rang budc veé strc chiva (Capacity constraint): Ludng dwong trén mdi cung khong dwoc
vuot qua stee chira ctia cung dé: Ve € E: 0 < g(e) < c(e).
® Rang budc vé tinh bao ton (Flow conservation): V&i moi dinh v khong phai dinh phét va
ciing khong phai dinh thu, téng ludng dwong trén cac cung di vao v bang téng ludng
dwong trén cic cung dira khoi v: Vv € V — {s,t}: (V, {v}) = e {v}, V).
Gia tri chiamot ludng dwong dwoc dinh nghia bang téng ludng dwong trén cac cung di ra khoi
dinh phat trir di tong luéng dwong trén cac cung di vao dinh phat*:
lol = o{s},V) — oV, {s}) (9.2)
9.1.4. Méi quan hé giira luong va luong dwong

B6 dé 9-1
Cho f:E - R lamétludng trén mang G = (V,E, ¢, s, t). Khi d6 ham:

* Mot sé tailiéu khac dwa vao thém rang budc: dinh phat s khong c6 cung divao va dinh thu t khong cé cung di ra.
Khi dé gi tri ludng dwong bing tdng ludng dwong trén cic cung di ra khéi dinh phat. Cach hiéu nay c6 thé quy vé

mot trwong hop riéng cia dinh nghia.



@:E— Ry

f(e),néuf(e) =0
0,néuf(e) <0

e—ple) = {
la mot luéng dwong trén mang vale| = |f|
Chitrng minh
Ta chitng minh ¢ théa méan tit ca cac tinh chit ctia lubng dwong:
Rang budc vé strc chira:
Ve € E*, ta cop(e) = 0 theo cachxiy dung ¢.
Néu f (e) = 0, tir rang budc veé sirc chira d6i véiludng f(e) < c(e). Tasuy rag(e) = f(e) <
c(e).
Néu f(e) < 0, hiénnhién @(e) =0 < c(e)
Vay Ve € E: 0 < ¢(e) < c(e).
Rang budc vé tinh bao ton:

Xét mot dinh v bat ky, ta co:

fAwhV) = fe
ec{{v}-V}
- f@+ Y f@
ee{{v}-v} ee{{v}-v}
fle)=o0 f(e)<o
= fO- Y f-e
ee{{v}-v} —ee{V-{}}
f(e)20 f(-e)=0
({w}v) (v, {v})

biéu nay c6 thé hiéu nhw sau: Tng ludng f ra khoi v bang téng ludng f trén cac cung cé
f(e) = 0 cong v&itdng ludng f trén nhitng cung cb f (e) < 0 xét trén nhirng cung e ra khai v.
Nhitng cung ra khoi v mang luéng dm (f(e) < 0) lai c6 mot cung d6i di vao v mang ludng
dwong véicung gia tri tuyét doi (f(—e) = —f (e) > 0). Vivay cong ludng trén cac cung mang
luéng 4m ra khoi v twong dwong véiviéc trir di tong lubng trén cac cung mang luéng dwong
di vao v. Téng hop lai ta dwoc: Tng ludng f ra khoi v bang tdng ludng dwong ¢ ra khdi v trir
di tong luong dwong ¢ di vao v.

fAviV) = o({v},V) — oV, {v})
Néu v khong phai dinh phat citing khdng phai dinh thu. Tinh bao ton luéng cho ta f({v}, V) =
0 hay o({v},V) = @V, {v}), tirc 12 tdng ludng dwong ¢ ra khéiv bang téng ludng dwong ¢ di
Vao v.
c) Ciing tlr chirng minh trén thay v béi s, ta c6:

lol = s}, V) — oV, {s}) = f({s}V) = If]



Bé dé 9-2
Cho ¢: E - Ry, la motludng dwong trén mang G = (V, E, ¢, s, t). Khi d6 ham
fiE—>R
e — f(e) = ple) — p(—e)

12 mot ludng trén mang G va | f| = |¢|

Chirng minh
Truwéc hét ta chitng minh f thoa man tit ca cac rang budc veé ludng:
Rang budc vésirc chira: VéiVe € E:

fle) =gple) —p(—e) < p(e) <cle)
=0
Rang budc vétinh ddi xtirng 1éch: Véive € E
f(e) =qp(e) —p(—e)
= —(p(—e) — (o)
=—f(-e)

Rang budc vétinh bao ton: Vv € V, ta co:

f{wh, V) (p(e) — p(—e))

e€ {v}—»V}

(Z 0@ |- (Z p(=e)
e€ {v}—>V} e€ {v}—»V]
(Z 0@ |- Z p(=e)
ee{{v}-v} —ee{v-{v}}

e({v}, V) — oV, {v})

Néuv # svav # t, taco:

fAwLV) = o({v},V) —,{v}) =0
(Do téng ludng dwong di ra khéi v bang téng ludng dwong di vao v)
Néuv = s, xét gia tri luong f

Ifl = f{s}V) = o(({s},V) — oV, {s}) = |ol

BoO dé 9-1 va Bo dé 9-2 cho ta mot mdi twong quan gitra ludng va luong dwong. Khai niém vé

ludng dwong dé hinh dung hon so véi khai niém ludng, tuy nhién nhitng dinh nghia vé ludng

tong quat lai thich hop hon cho viéc trinh bay va chitng minh cac thuit toan trong bai. Ta sé

str dung luéng dwong trong cac hinh vé va output (chi quan tim t&i cac gia tri luong dwong

¢(e)), con cac khai niém vé ludng s& dwoc dung dé dién giai cac thuat toan.



Hinh 9-1.Vi du vé mét mang véi dinh phat 1, dinh thu 6.S6 trén cic cungla strc chita: luong dwong trén cung

M5 hinh truc quan nhat ctia ludng dwong 1a cac dwdng 6ng dan nwéce tir tram ngudn s téi noi
tram dich t. Cac dinh khac ctia mang 12 c4c tram trung chuyén va cc cung 1a dudng 6ng dan
nwédc mot chiéu tir mot tram téi mot tram khac. Stre chiva ciia dwong 6ng la tiét dién ctia 6ng,
ti 1& thuan v&i lvu lwong nuée tdi da cé thé chay qua trong mot don vi thoi gian. Tram trung
gian khong c6 kha nang chira nwéc, do vay lwgong nwéc chdy vao tram trung gian phai dwoc
phét tan toan bd vangay 14p tirc sang tram khac qua cac dwong 6ng. Ta c6 ngay cac rang budc:
Trong mdi don vi thoi gian, lwgng nwée lwu thdong qua moi dudng 6ng khong dwoc vuot qua
lru lwong t6i da ctia dwong 6ng va bao nhiéu nwédc di vao mot tram trung chuyén thi ciing
phai c6 biy nhiéu nwéc di ra khoi tram trung chuyén do. Van dé dat ra la diéu khién lwong
nuéc vao cac dwdng 6ng mot cach hop ly dé€ lwong nwdc chuyén di trong mdi don vi thoi gian
12 16n nhat. Cac van dé nhw phan ludng giao thong dé tranh tic nghén, 13p dit mach dién dé
dam bao khong gip phai sw c6 qua tai duwong diy déu cé thé quy veé bai toan ludng cuc dai
trén mang.

Trong qué trinh cai dit thuit ton, cAc ham c va f sé dwoc xac dinh boi tp cac giatri {c[e]}cer
va{fle]}eer nén ta c6 thé dung 1an cac ky hiéu c(e), f(e) (néu mudn deé cap téi gia tri ham)
hoic cle], f[e] (néu mudn dé cap t&i cac bién s0).

9.1.5. Mot s6 tinh chit corban

Cho mang G = (V, E, ¢,s, t) va mot lubng f trén G. Goi c(X,Y) la luvu lwong tlir X sang Y va
f(X,Y)l1a gia tri lubng tir X sang Y.

Pinhly 9-3

Cho f lamot lubng trén mang G = (V,E, ¢, s,t), khi dé:

a)vVX cV,tacéf(X,X)=0.

b) VX,Y S V,tacé fF(X,Y) = —f(Y, X).

OVX,Y,ZCSVvaXnY =0, tacéf(X,2)+ f(Y,Z) = F(X UY,2).
dvX cV —{sthtacéf(X,V) =0.

Chirng minh

a)vVX cV,tacé:



0= @

ee{X-Xx}
nhw vay f(e) xuat hién trong tong néu va chi néu f (—e) ciing xut hién trong téng. Theo tinh
doi xteng léch ctialudng: f(e) = —f(—e), tacéd f(X,X) = 0.
b)VX,Y CV,tach:
fEN= Y f@== Y f-e)=—fx
ee{x—v} —e€{y—X}

VXY, Z<SVvaXnY=Q,taco:

fruv) = > f@

ee{Xuy—-Z7}
= ) f@+ Y @
eelx-2z} eelY—Zz}
f(X2) f(v.z)
d)vX €V —{s,t},do
x = Ju
uex

Nén theo chirng minh phan c):

FEV) =) )
uex
Mobi hang tt cta téng: f({u},V) chinh 12 téng ludng trén cac cung di ra khoi dinh u, do tinh
bao ton ludng va u khdng phai dinh phét cling khong phai dinh thu, hang tir nay phai bang 0,
suy ra f (X,V) = 0. Tt chirng minh phan b), ta con suy ra f(V, X) = 0 nira.

Dinhly 9-4

Gia tri ludng trén mang bang téng ludng trén cac cung di vao dinh thu

Chirng minh
Gia str £ 1a métluong trén mang G = (V, E, ¢, s, t), ta co:
Ifl = f{shV)
=fWV,V) = fV —{s}V)
=—f(V—A{s}V)
=f,v—_{s}h

=fv,{t})



Hé qua
Gia tri ludng duwong trén mang bang tong ludng duwong di vao dinh thu trir tdng ludng duwong
ra khoi dinh thu.
9.1.6. Mang thang dw
Véi f 1a mot ludng trén mang G = (V, E, ¢, s, t). Ta xét mang Gy cling la mang G nhung véi
ham strc chira méi cho bai:

cp:E— [0,+00)

e cr(e)=cle) —f(e) 53)

Mang G xay dung nhw vay dwoc goila mang thdng dw (residual network) ciia mang G sinh ra
béi ludng f. Strc chira cr(e), con goi 1a dw lwong (residual capacity) cia cung e, thuc chatla
lwong ludng t6i da ching ta c6 thé diy thém vao luong f(e) ma khéng lam vwot qua sirc chira
c(e).

Mot cung trén G goi la cung bdo hoa (saturated edge) néu du lwong ctia cung d6 bang 0, nguoc
lai cung do goi la cung thdng dw (residual edge). Ky hiéu E 1a tap cac cung thang dw trén mang
thang dw Gr. MOt duwdng di chi qua cac cung thang du trén G goila dwong thang dw (residual
path).

Cac cungbao hoactia mang G c6 du lwong 0, cungnay it c6 y nghia trong thuat toan nén ching
ta sé chi vé cac cung thang du (€ Ef) trong cac hinh veé.

Hinh 9-2. Mot ludng trén mang (s6 ghi trén cac cung la: strc chva:luéng dwong) va mang thing dwtwong Gng.

Hinh 9-2 la mét vi du vé mang thang dw. Nhw da quy wéec, chiing ta chi vé cac luong dwong. P6
thi c6 cung (2,4) v&i strc chiva ¢(2,4) = 6, tirc 1a phai cé cung doi (4,2) voi c(4,2) = 0. Ludng
dwong trén cung (2,4) 1a f*(2,4) = f(2,4) = 5, diéu nay ciing cho biét luéng trén cung (4,2)
la ' (4,2) = =5 theo tinh d6ixing léch. Vay trén mang thang dw, ta c6 cung (2,4) v&istrc chira
c(24) —f(24) =6 —5=1 dong thoi cé cung (4,2) véi stec chiva ¢(4,2) — f(4,2) =0 —
(—5) =5.

Pinhly 9-5
Cho f lamot ludng trén mang G = (V,E,c, s, t). Khi d6 néu f' 1a mot ludng trén Gy thi ham:



f+f"E—R
e— (f+f)(e)=f(e) +['(e)
1a mot ludng trén mang G véi gia tri luong | f + f'| = |f| + |f'].

Chirng minh
Ta chirng minh (f + f') théa méan ba tinh chitcta lubng:
Rang budc vésirc chira: VéiVe € E:
(f + (e = fle) + f'(e)
<f(@+(c@ @)
= c(e)
Tinh d6i xtrng 1éch: Vé&i Ve € E:
(f + (e =fle) + f'(e)
=—f(=e) —f'(-e)
=—(f(-e) +f'(-e)
=-(f+f)(=e)
Tinh bao ton: V&i Vu € V, tdngludng f + f' di ra khoi u bang:
F+O@N= > (f&+1'@®)

ee{{u}-v}

= > O+ Y e

ee{{u}-v} ee{{u}-v}
= f{u,V) + " {u}, V)
Néuu #svau #t,taco (f + f){u},V) = f{u},V) + f'{u},V) =0.
Thay u = s, taco
If +f'1= +fOUAsLV) = fFUsLV) + ' UskV) = IfI + ']
Pinhly 9-6
Cho f vaf' lahai luong trén mang G = (V, E, ¢, s,t) khi d6 ham:
f'-ffE—>R
e— (f'—fe) =f'(e) —f(e)
1a mot ludng trén mang thang dw G véigia triluong |f' — fI = |f'| — | f].
Chirng minh
Ta chitng minh rang f’ — f thda man ba tinh chit ctia ludng
Rang budc vésirc chira: Véive € E:
(f"=HN =f"(e)—f(e)
<c(e) —f(e)



=cr(e)
Tinh d6i xtrng léch: Vé&i Ve € E:
G IOESHOESIG)
= —(f'(~e) - f(-e))
=—=(f"- e
Tinh bao tén: Véivv € V

(f' = H v} V) (f'(e) - f(e)

ee{{v}-v}
= > fE@- ) fO
ee{{v}-v} ee{{v}-v}

=f'((v},V) — F{w}, V)
Néuu #svau #t,taco (f' = H{v},V) = f/{v},V) — f{v}, V) =0.
Thay u=s,taco

lf"=fl=¢"=NUsEV) = f'UshV) — FUAshV) = If'] = If]

9.2. Thuat toan Ford-Fulkerson
9.2.1. Pwong tang luong

Véi flamotludng trén mang G = (V, E, ¢, s, t). Goi P lamot dwong di don tir s t&i t trénmang
thang dw Gy. Gid tri thdng dw (residual capacity) cua dwong P, Ky hiéu Ap, duwgc dinh nghia
bang dw lwong nhoé nhit clia cac cung doc trén dudng P:

Ap = min{cf (e): (e) ndm trén P}
Vi cac du lwong c¢(e) 1a s6 khong am nén Ap ludn 1a s6 khong am. Néu Ap > 0 tirc 1a duong di
P la mét dwong thing dw, khi d6 dwong di P goi la mot dwong tdang ludng (augmenting path)
twong &ng véiluong f.
Dinhly 9-7
Cho f 1a mot ludng trén mang ¢ = (V,E,c,s,t), P la mdt dwong tang ludng trén G;. Khi d6
ham fp: E - R dinh nghia nhu sau:

+Ap,néue € P

fr(e) =< —Ap,néu —e €P (9.4)
0, treong hop khac

1amot ludng trén Gy véigia tri luong | fp| = Ap > 0.



Chirng minh
Ching ta sé khéng chirtng minh cu thé viviéc kiém ching fp thda mén ba tinh chit ctia luong
kha dé dang. Ban chit ctialudng fp 12 ddy mot gia tri ludng Ap tir s t&i t doc theo cac cung trén

dwong P, dong thoi kéo mot gia tri ludbng — Ap tir t vé s theo hwéng nguwoc lai.

Dinh ly 9-5 va Pinh 1y 9-7 cho ta mdt hé qua sau:

Hé qua 9-8

Cho f 1a mot ludng trén mang G = (V,E, ¢, s,t) va P la mot dwong tang ludng trén Gy, goi fp
1a ludng trén Gy dinh nghia nhw trong cong thikc (9.4). Khi d6 f + fp la mot ludng méi trén G
véigia tri |f + fpl = |f1 + |fpl = If] + Ap.

Hinh 9-3.Tangludng doc dwong ting ludng.

Hinh 9-3 la vi du vé co ché ting ludng trén mang vé&idinh phat 1, dinh thu 6 valudng f gia tri
7 (hinh a) (chty rang ta chi vé cac ludng dwong cho d& roi). Véi mang thang dw Gs (hinh b),
gia st ta chon dwong di P = (1,3,4,2,5,6) lam dudng ting ludng, gia tri thing dw cia P bing
Ap = 2 (strc chira ctia cung (3,4)). Ludng fp trén Gy sé cé cac gia tri sau:

fr(1,3) = fp(34) = fp(4,2) = fp(2,5) = fp(5,6) =2
fr(31) =fp(43) = fp(24) = fp(52) = fp(6,5) = -2

*C6 thé hinh dung co ché ndy nhw mot qua trinh dién phéan: Bao nhiéu ion dwong (cation) chuyén dén cuc 4m

(catot) t thi cling phdi c6 biy nhiéu ion 4m (anion) chuyén dén cwc dwong (anot) s.



Cong cac gia tri nay vao luong f dang cd, ta sé dwgc mot lubng mai trén G véi gia tri 9 (hinh
c).

Co ché cong ludng fp vao luong f hién c6 goi la tdng luéng doctheo dwdng ting luéng P.
9.2.2. Thuat toan Ford-Fulkerson

Thuét toan Ford-Fulkerson (Ford & Fulkerson, Flows in Networks, 1962) dé tim luéng cuc
dai trén mang dua trén co chéting ludng doc theo dwdng tang ludng. Bat dau tir mot ludng f
b4t ky trén mang (ching han ludng trén moi cung déu bang 0), thuat todn tim dwdong ting
ludng P trén mang thang dw, gan f := f + fp détidng gia tri luong f valdplai cho téikhikhong
tim dwgc dwong ting ludng nira.

f := «Mdt ludng bat ky»; \

while «Tim dugc dudng tang ludng P» do

f:=f£f+ fp;
Output « f£;

9.2.3. Cai dat

Ching ta sé cai dat thuit toan Ford-Fulkerson dé tim luong cwc dai trén mang véikhuon dang

Input/Output nhw sau:

Input

® Dong1 chirasd dinh n < 103, s6 cungm < 10° ctia mang, dinh phét s, dinh thu .

® m dong tiép theo, mbi dong chira ba s6 nguyén dwong u, v, ¢ twong tng véi mot cung ndi
tir u t&i v vGisire chira c < 104,

Output

Ludng cuc dai trén mang (nhw da quy wéc, chi dwa ra cac ludng dwong trén cic cung).
Sample Input | Sample Output

816 Maximum flow:
566 e[l] = (5, 6): c =6, £ =3
466 e[2] = (4, 6): c =6, £ =6
351 e[3] =(3,5):c=1, £=1
343 e[4] = (3, 4): c=3, £=3
253 e[5] = (2, 5):c=3, £=2
246 e[6] = (2, 4): c=6, £=3
135 e[71 = (1, 3): c=5, £=14
125 e[8] =(1, 2): c=5, £=5
Value of flow: 9

Dé cai dat thuat toan duwoc hiéu qua cin cé mét co ché to chirc dir liéu hop ly. Ching ta can
Iwu trir luéng f trén cac cung, tim dudng tang ludng P trén Gy va cdng ludng fp vao ludng f
hién cé. Viéc tim dwong tang ludng P trén Gy sé dugc thuc hién bang mot thuat toan tim kiém

trén do6 thi con viéc tang luong doc trén dwong P doi héi phai ting gia tri ludng trén cac cung



doc trén dwong di dong thoi gidm gid tri ludng trén cac cung doi. Vay cau tric dir liéu can to

chtrc dé tao diéu kién thuan lgi cho thuat todn tim dwong ting ludng cling nhw dé dang chira

cung ddi cia mot cung cho trudec.

D6 thi dwoc biéu dién bdi danh sach lién thudc. T4t cdm cung clia mang dwoc chira trong

danh sach e[1...m]. Ngoai ra ta thém m cung d6i ctia chung v&isirc chia 0. Cac cung doi nay

dwoc lwu triv trong danh sach e[—m ...— 1], cung doi cta cung eli] 1a cung e[—i], cung e[0]

dwoc str dung v&i vai tro phan tir cim canh va khong dworc tinh dén.

MOi phan tir ciiadanh sach e 1a mot ban ghi gom 4 truong (x, v, ¢, f) trong d6 x, y 1a dinh dau

va dinh cu6i cta cung, c la strc chira va f 1a ludng trén cung. Danh sach lién thudc dwoc xay

dwng bdi hai mang head[1 ...n] va link[—m...m], trong d6:

® head[u] 1a chisd cung dau tién trong danh sich lién thudc cac cung di ra khoi u, trueong
hop u khong c6 cung di ra, head[u] dwoc gan bang 0.

® [ink[i] 1a chi s6 cung ké ti€p cung e[i] trong cting danh sach lién thudc cac cung di ra khéi
mot dinh. Truwong hop e[i] 1a cung cudi cing ciia mot danh sach lién thudc, link[i] dworc
gan bang 0

Viéc duyét cac cung di ra khoi dinh u sé dwoc thuce hién theo cach sau:

i := head[u]; //ild chisd cung ddu tién trong danh sdch lién thugc cdc cung ra khéiu
while i # 0 do //Chirng ndo chwa duyét qua cung cudi danh sdch lién thugc
begin

«X@ 1y cung e[i]»;
i := link[i]; //Nhdy sangxét cung kétiép trong danh sdch lién thugc
end;

Tai m6i budrc, ta dung thudt toan BFS dé tim duong di tir s téi t trén Gy, moi dinh v trén
dwong di dwocluu vét trace[v] 1a chis6 cung di vao v trén dwong di P tim dwgc. Dua vao vét
nay, ta sé liét ké dworc tit ca cac cung trén dwong di, ting luong trén cac cung nay 1én Ap dong
thoi gidm ludng trén cac cung doi di Ap.

Edmonds va Karp (Edmonds & Karp, 1972) da dé xudt md hinh cai dat thuat toan Ford-
Fulkerson trong dé thuit toan BFS dwoc st dung dé tim dwong ting ludng nén ngudi ta con
goi thuit toan Ford-Fulkerson véi ky thuét sit dung BFS tim dwong tang luong la thut toan
Edmonds-Karp.

=2 EDMONDSKARP.PAS v' Thuit todn Edmonds-Karp

{$MODE OBJFPC}
program MaximumFlow;

const
maxN = 1000;
maxM = 100000;
maxC = 10000;
type

TEdge = record //Cdu triic mot cung
x, y: Integer; //Hai dinhddu mit



¢, f: Integer; //Sitcchita valudng
end;
TQueue = record //Hing dgiding cho BFS
items: array[l..maxN] of Integer;
front, rear: Integer;
end;
var
e: array[-maxM..maxM] of TEdge; //Danh sdchcdc cung
link: array[-maxM..maxM] of Integer; //Mdc nditrongdanh sdchlién thugc
head: array[l..maxN] of Integer; //head[u]: Chisd cung ddu tién trong danh sdch lién thudc cdc cung ra khéiu
trace: array[l..maxN] of Integer; //Vét dwing di
n, m, s, t: Integer;
FlowValue: Integer;
Queue: TQueue;

procedure Enter; //Nhdp di liéu
var
i: Integer;
u, v, capacity: Integer;
begin
Readln(n, m, s, t);
FillChar(head[1l], n * SizeOf(head[1]), 0);
for i :=1 tomdo
begin
ReadLn(u, v, capacity);
with e[i] do //Thém cung e[i] = (u,v) vao danh sdch lién thugc cia u

begin
X !=u; y:=vVv; c := capacity;
link[i] := head[u]; head[u] := i;
end;
with e[-i] do //Thém cunge[-i] = (v, u) vao danh sdch lién thugc ciia v
begin
X :=v; y:=u; ¢c:=0;
link[-i] := head[v]; head[v] := -i;
end;
end;

end;

procedure InitZeroFlow; //Khéi tao ludng 0
var
i: Integer;
begin
for i := -m to m do e[i].f := 0;
FlowValue :=0;
end;

function FindPath: Boolean; //Tim dwong ting ludng bang BFS

var
u, v: Integer;
i: Integer;
begin
FillChar(trace[l], n * SizeOf (trace[l]), 0);
trace[s] := 1; //trace[s] #0: dinhddthim, cé thé diing bdt ci hdng sé ndo khdc 0
with Queue do
begin

items[1] := s; front := 1; rear := 1; //Hang doichigbmdinhs



repeat
u := items[front]; Inc(front); //Ldy métdinhukhéihdng doi

i := head[u];
while i <> 0 do //Duyét danh sdch lién thudc ciia u
begin
v := e[i].y; //nit efi] chire mgt cung di tir u téiv
if (trace[v] = 0) and (e[i].f < e[i].c) then //vchwa thdmva e[i] la cung thing dw
begin
trace[v] := i; //Lwu vét
if v = t then Exit(True); //Tim thdy dwong ting ludng, thodt
Inc(rear); items[rear] := v; //Bdy vvio hangdoi
end;
i := 1link[i]; //Nhdy sang nitkétiép trong danh sdch lién thudc
end;

until front > rear;
Result := False; //Khdng tim thdy dwing tdng lubng
end;
end;

procedure AugmentFlow; //Tdng ludng doc dwing mét ting ludng
var
Delta: Integer;
v, i: Integer;
begin
//Trwéc hét xdc dinh Delta bang dw hrong nhé nhdt ctia cdc cung trén dwomg ting ludng
v i= t; //Bit dutirt
Delta := maxC;
repeat
i := trace[v]; //e[illa mftcung trén dwong ting lubng véi siec chire efil.c - efilf
if e[i].c - e[i].f < Delta then
Delta :=e[i].c - e[i] .£f;
v := e[i].x; //Didinvés
until v = s;
//Tiing ludng thém Delta
v := t; //Bitddutrt
repeat
i := trace[v]; //elilla mdt cung trén dwimg ting ludng
Inc(e[i].£, Delta); //Ting lubng trén efi] lén Delta
Dec(e[-i].£, Delta); //Gidm ludng trén cung ddi twong itng di Delta
v := el[i]l.x; //Didinvés
until v = s;
Inc(FlowValue, Delta); //Gid triludng fdwoc ting lén Delta
end;

procedure PrintResult; //In kétqud
var

i: Integer;
begin

WritelLn('Maximum flow: ');

for i ;=1 tom do

with e[i] do
if £ > 0 then //Chi cinin racdc cung cé ludng > 0
WriteLn('e[', i, '] = (', x, ', ', ¥y, Vi c=",¢, ", £=", f);

WriteLn('Value of flow: ', FlowValue);

end;



begin
Enter; //Nhdp di liu
InitZeroFlow; //Khdi tao ludng 0
while FindPath do //Thudt todn Ford-Fulkerson
AugmentFlow;
PrintResult; //In két qud
end.

9.2.4. Tinh ding cua thuat toan
Trwdc hét dé thly rang thuat toan Ford-Fulkerson tra vé mot ludng, tirc 12 két qua ma thuat
todn tra vé thoa man cac tinh chat ctialudng, Viéc chirng minh luéng d6 1a cwc dai da xay dung
mot dinh ly quan trong vé méi quan hé gitra ludng cuc dai va lat cathep nhat.
Ta goi mot 1at cat (X,Y) 1a mot cach phan hoach tp dinh V 1am hai tAp rédinhau: X NY = @
vaXUuUY =V.Latcatcos € Xvat € Y dwoc goilamot lat cits — ¢.
Luu lwgng tir X sang Y (c(X,Y)) valuéng tir X sang Y (f(X, Y)) dwoc goi la lwu lwgng valuong
thong qua lat cat.
B6 dé 9-9
Vi f1a mot ludng trén mang G = (V, E, ¢, s, t). Khi d6 ludng thong qua mot 1at cit s — t bat
ky bang |f].
Chirng minh
V&iV = X UY la motlat cats — t bt ky, theo Dinh 1y 9-3

FEY) = FOV) — XV = V) = FV) — FOX) = FOXV)
Ciling theo dinh ly nay ta cé:

fF&V) =fs, V) + X - {s}V) =f(s,V) = If]
0

Bédé9-10

V&i f1a mot ludng trén mang G = (V, E, ¢, s, t). Khi d6 ludng thong qua mot 1at cit s — t bat
ky khong vuot qua luu lwong clia lat cat do.

Chirng minh

ViV = X UYlamotlat cats — t bat ky tacod

fEN= Y @< ) o) =cy)

ee{X-Y} ee{X-Y}

Pinhly 9-11 (méi quan hégiiva lubng cwc dai, dworng tang luéng va ldt cat hep nhdt)
Néu f 1a mot luong trén mang G = (V,E, ¢, s,t), khi d6 ba ménh dé sau la twong dwong:

a) f 1a luéng cuc dai trén mang G.



b) Mang thang dw G¢ khong c6 dwong tang ludng.
c)Tontai V=X uUYlamotlat cits —t dé f(X,Y) = c(X,Y)

Chirng minh
“a=b”
Gia st phan chirng rang mang thing du Gy c6 duwong tang ludng P thi f + fp cling lamot ludng
trén G v&igia tri luong 1émn hon f, tréi gia thiét f 1a ludng cuc dai trén mang.
“b=c”
Néu Gy khong ton tai dwdng tang ludng thi ta dat X la tap cac dinh dén dwoc tir s bang mot
dwong thang du va Y la tap cac dinh con lai:

X ={v:3 dwongthingduws ~v}iY=V-X
Rorang XNY =@, XUY =Vvas €X, t €Y (t khong thé dén dugc tir s bdi mot dwong
thing dw b&i néu khong thi duwdong di d6 sé la mot duwdong ting ludng).
Cac cung e € {X — Y} chdc chin phai 1 cung bdo hoa, b&inéu cé cung thing dwe = (u, v) €
{X - Y} thitlr s s& t&i dwgc v bing mot duwdng thing dw. Ticla v € X, tréi véi cach xiy dung
lat cat. Tr f(e) = c(e) véiVe € {X - Y}, tacod

FX,Y) = fle) = Z c(e) = c(X,Y)
ee{x>Y} ec{X-Y}

B6 dé 9-9 va Bo dé 9-10 cho thdy gia tri cia mot ludng trén mang khong thé vwot qua luu
lwong ciia mot 1at cats — ¢t bat ky. Néu ton tai mot 14t cit s — t ma ludng thong qua lat cat
ding bang lwu lwong thi ludng d6 chic chan phai 1a ludng cuc dai.

Lat cat s — t c6 luu lwgng nhé nhat (bang gia tri ludng cuc dai trén mang) goila Ldtcdats —t

hep nhdt ciia mang G.
9.2.5. Tinh dirng cuia thuat toan

Thuét toan Ford-Fulkerson c6 thoi gian thyc hién phu thudc vao thudt toan tim dwong tang
ludng tai moi budrc. C6 thé chi ra dwoc vi du ma néu dung DFS dé tim dwong tang ludng thi
thoi gian thuc hién gidi thuit khong bi chidn bdi mot ham da thirc cta s6 dinh va sé canh.
Thém nira, néu strc chira ciia cac cung la s6 thuwe, ngudi ta con chi ra dwoc vi du ma véi thuét
toan tim dudng tang ludng khong tat, gia tri ludng sau modi bwdc van ting nhung khong bao
gior datluong cwcedai. Ticla néu c6 thé cai dat chwong trinh tinh todn sé thwe véi do chinh
xac tuyét déi, thuit toan sé chay mai khong dirng.



Hinh 9-4. Mang v6i 4 dinh (1 phat, 4 thu), thu4t todn Ford-Fulkerson cé thé mit 2 ti Ian tim dwong ting ludng néu
luan phién chon hai dwong (1,2,3,4) va (1,3,2,4)1am dwdng ting ludng, mdi Ian ting gia tri ludnglén 1 don vi.

Chinh vi viy nén trong mot s6 tai liéu ngwoi ta goi 1a “phwong phap Ford-Fulkerson” dé chi
mot cachtiép cin chung, con tir “thuét toan” dwgc dung dé chi mot cach cai dat phwong phap
Ford-Fulkerson trén mot ciu tric dit liéu cu thé, véimot thuét toan tim dwong ting ludng cu
thé. Vi du phwong phap Ford-Fulkerson cai dit v&i thuat todn tim dwong tang ludng bing BFS
nhu trén dwoc goi la thuat toan Edmonds-Karp. Tinh dirng ctia thuat todn Edmonds-Karp sé
dwoc chi ra khi ching ta danh gia thoi gian thwe hién giai thuat.
Xét G¢ 1a mang thang duw ctia mot mang G Ung véiludng f nao dé, ta gan trong s6 1 cho céc
cung thing dw ctia G¢ va gan trong s6 +oo cho cac cung bao hoa clia Gy. Dé thdy rang thuat
toan tim dwong tang ludng bang BFS sé trd vé mot duwdng di ngan nhit tir s tdi t twong tng
v6iham trong s6 da cho. Ky hiéu 6¢(u, v) 1a d6 dai dwong di ngan nhat tir u téi v (khoang cach
tlr u toi v) trén mang thang du.
B6dé9-12
Néu ta khéitao ludng 0 va thwe hién thuit todn Edmonds-Karp trén mang G = (V, E) c6 dinh
phat s va dinh thu ¢t. Khi d6 v&imoi dinh v € V, khoang cach tir s t&i v trén mang thang dw
khong gidm sau mdi buéc ting ludng.
Chitrng minh
Khi v = s, ro rang khoang cach tir s t&i chinh n6 ludn bang 0 tir khi bat dau téi khi két thic
thuét toan. Ta chi cin chirng minh b6 dé ding v&inhitng dinh v # s.
Gia st phan chitng rang ton tai mot dinh v € V — {s} ma khi thuit todn Edmonds-Karp ting
ludng f'1én thanh f’ sé 1am cho &;/(s,v) nhd hon 6¢(s,v). Néu c6 nhiéu dinh v nhw vay ta
chon dinh v c6 &;(s,v) nho nhét. Goi P = s ~ u - v la dwong di ngan nhit tir s téi v trén
Gsr,ta c6 (u,v) la cung thang dw trén Gy va

8pr(s,u) = 61(s,v) — 1
B&i cach chondinh v, @6 dai dwdng di ngin nhit tir s t&i u khong thé bi gidm di sau phép ting
lubng, tircla

8¢ (s,u) = 6¢(s,u)



Ta chitng minh rang (u, v) phai la cung bao hoa trén Gy. That vay, néu (u, v) 1a cung thing dw
(c6trong s 1) trén Gy thi:
8¢ (s,v) < 8 (s,u) + 1 (bat dang thirc tam giac)

< 8¢/ (s,u) + 1 (khoadng cch tir s téi u khong gidm)

= 6f’ (S, 17)
Trai véi gia thiét rang khodng cach tir s t&i v phai gidm di sau phép ting ludng.
Lam thé nao dé (u,v) la cung bdo hoa trén G¢ nhung lai la cung thang dw trén G¢+? Cau tra loi
duy nhéit 1a do phép tang ludng tlr f 1én f' lam giam ludéng trén cung (u, v), tic 13 cung doi
(v, u) phai 12 mot cung trén dwong ting lubng tim dwoc. Vi dudng ting ludng tai moi budc
ludn 1a dwong di ngdn nhit nén (v, u) phaila cung cudiclng trén dwdong di ngan nhat tir s t&i
u cua Gy. Tlr d6 suy ra:

8r(s,v) = 6¢(s,u) —1

< 8¢/ (s,u) — 1 (khoadng cach tlr s t&i u khong gidm)

= 0/ (s,v) — 2 (theo céch chonu vav)
MAu thuan vé&i gid thuyét khodng céch tir s téi v phai gidm di sau khi ting ludng. Ta c6 diéu
phai chirg minh: Vi Vv € V, khoang cach tir s t&i v trén mang thing dw khong gidm sau moi
buwéc tang ludng.
Bédé9-13
Néu thuit todn Edmonds-Karp thuc hién trén mang G = (V, E, ¢, s, t) vGi luong khéi tao 1a
ludng 0 thi s6 lwot ting luéng dugc stiv dung trong thuit toan 1a O(|V]|E]|).
Chirngminh
Ta chia qud trinh thuc hién thuat toan Edmonds-Karp thanh cac pha. Mdi pha tim mdt dwdong
tang luéng P va tang luéng thém mat gia tri thang dw Ap. Gia tri thang dw nay theo dinh nghia
sé phai bang strc chira ciia mot cung thang du e nao d6 trén dwong P:

Je € P:Ap =c(e) — f(e)

Khi tang luéng doc trén dworc P thi cung e sé tré thanh bio hoa. Nhitng cung thing dw tré nén
bio hoa sau khi tang ludng goi 1a cung téi han (critical edge) tai mdi pha. Méi pha c6 it nhat
mot cung t&i han.
Ta danh gid xem mdi cung clia mang c6 thé tré thanh cung téi han bao nhiéu lan. V&i mot cung
e = (u,v), taxét pha A dau tién lam e tré thanh cung t¢i han va f; 1a ludng khi bat dau pha A.
Do e nam trén dwong ting ludng ngan nhét trén G, nén khi pha nay bat dau:

S, (s u) +1= (SfA(s,v)

Pha A sau khi ting ludng sé 1am cung e sé tré nén bao hoa.



bé e c6 thé tré thanh cung téi han mot 1an nira thi tiép theo pha A phai ¢6 mot pha B giam
luéng trén cung e dé bién e thanh cung thang du, tirc 1a cung - e = (v,u) phai la mot cung
trén dudng tang ludng cta pha B. Goi fz 1a ludng khi pha B bat dau, cling vi tinh chit cla
duwong di ngan nhét, ta c
8fB(s,v) +1= SfB(S,u)
B& dé 9-12 da chirtng minh rang khoang cach tir s téi v trén mang thing du khong gidm di sau
mdi pha, nén &5, (s,v) = &, (s, v). Suy ra:
8, (s,u) = 65, (s,v) +1
=8, (s,v) +1
= &, (s,u) +2
Nhw vay néu mot cung (u,v) 1a cung t&i han trong k pha thi khi pha thir k bit dau, khoang
cachtlr s t&i u trén mang thing dw da tang 1én it nhat 2(k — 1) don vi so v&i thoi diém trude
pha thir nhat. Khodng cach ¢ (s, u) ban dau la s6 khong am va chirng nao con dwong thang duw

vi+1
2

di tir s t&i u, khodng cach 8 (s,u) khong thé vurot qua |V| — 1. Diéu dé cho thdy k <
ovD.

To6ng hop lai, ta co:

® Mang cOtit ca|E| cung.

® Moi pha c6 it nhit mot cung téi han

® Mot cung c6 thé tré thanh téi han trong O(|V]) pha

Viy téng s6 pha dwoc thue hién trong thuét toan Edmonds-Karp la mot dai lwgng O(|V||E])

Dinhly 9-14

Co6 thé cai dit thuit todn Edmonds-Karp dé tim ludng cuc dai trén mang G = (V,E,c, s,t)
trong thoi gian O(|V]|E|?).

Chitrng minh

B6 dé 9-15 da chirtng minh rang thuat todn Edmonds-Karp can thuc hién O(|V||E|) lwot ting
ludng. Tai moi lwot thuit toan tim dwong ting ludng bang BFS va ting ludng doc duwdng nay
c6 thoi gian thwe hién O(|E]). Suy ra thoi gian thwe hién giadi thuidt Edmonds-Karp la
O(VIIEI?.

Né&u kha ning thong qua trén cac cung cia mang 1a s6 nguyén thi con c6 mot cadch danh gia
khac dwa trén gia tri ludng cuc dai, néu ta khéitao ludng 0 thi sau mdi lwot ting ludng, gia tri
luéng dworc tang 1én it nhat 1 don vi. Suy ra thoi gian thwe hién giai thuat khi d61a O(| f||E[)
véi|f| 1a gia tri ludng cuc dai.



9.3. Thuit toan day tién luong

Thuét toan Ford-Fulkerson khong nhirng 1a mét cach tiép cdn théng minh maviéc chirng minh
tinh ding dan cta no cho ta nhiéu két qua thd vi vé méi lién hé gitra ludng cuc dai va lat cit
hep nhat. Tuy vy v&inhitng do thi kich thuwdc rat 1on thi tdc do cta chwong trinh twong doi
cham.
Trong phan nay ta sé trinh bay mét 1&p cac thuit todn nhanh nhat cho téi nay dé giai bai toan
luéng cuc dai, tén chung ctia cac thuit toan nay la thuit toan ddy tién ludng (preflow-push).
Hay hinh dung mang nhw mot hé théng dudng 6ng dan nwéc tir véi diém phat s téi diém thu
t, cac cung la cac dwong 6ng, sirc chiva la lwu lwong dwong dng c6 thé tai. Nwdc chdy theo
nguyén tic tir chd cao veé chd thip. V&i mot lwong nwde 16n phat ra tir s téi mot dinh v, néu
c6 cach chuyén lwong nuéc d6 sang dia diém khac thi khong c6 van dé gi, néu khéng thi c6
hién twong “tran” xdy ra tai v, ta “dang cao” diém v d€ lwong nwéc d6 do sang diém khac (cd
thé d6 ngwoc vé s). Ci tiép tuc qua trinh nhw vay cho téikhi khong con hién twong tran & bat
¢t diém nao. Cach ti€p cin nay hoan toan khac véi thuit toan Ford-Fulkerson: thuit toan
Ford-Fulkerson c8 gang tim mdt dong chay phu tir s t&i t va thém dong chdy nay vao ludng
hién c6 dén khi khong con dong chay phu nira.
9.3.1. Tién luéng
Cho mét mang G = (V, E, ¢, s,t). Mt tién luong (preflow) trén G 1a mot ham:
ftE—R
e— f(e)
gan cho mdi cung e € E mot s8 thuc f (e) théa man ba rang budc:
® Rang budc vésirc chita (capacity constraint): tién ludng trén moi cung khong dwoc vugt
qua strc chira cia cung do: Ve € E: f(e) < c(e).
® Rang budc vé tinh déi xirng léch (skew symmetry): V&iVe € E, tién ludong trén cung e va
cung doi - e c6 cung gia tri tuyét déi nhung trai ddu nhau: f(e) = —f(—e).

® Rang budc vé tinh du: V&i moi dinh khong phai dinh phét, tong tién ludng trén cac cung
di vao dinh d6 12 s6 khéng am: Vv € V — {s}: f(V,{v}) = Zee{y_){v}} fle) = 0.

V&i Vv €V, tagoi lwong tran tai v, ky hiéu excess[v], 1a tdng tién ludng trén cac cung di vao
dinh v:

excess[v] = f(V,{v}) = Z f(e)
ee{V-{v}}

Pinhv € V — {s,t} goi 1a dinh tran (overflowing vertex) néu excess[v] > 0. Khai niém dinh
tran chico6 nghia véicac dinh khong phai dinh phat cling khong phai dinh thu.

function Overflow(vEV): Boolean;
begin



Result := (v # s) and (v # t) and (excess[u] > 0);
end;

Dinh nghia vé tién luéng twong tw nhw dinh nghia luong, chikhac nhau & rang budc thir ba. Vi
vay ching ta ciing c6 khai niém mang thing dw, cung thing dw, dwong thang dw... itng véitién
lubng twong tw nhw d6i véi ludng.

9.3.2. Khéi tao

Cho f 1a mot tién luéng trén mang G = (V, E, ¢, s, t). Ta goi h: V » N1a mdt ham d6 cao ng
v&i f néu h gan cho moi dinh v € V mot s8 tw nhién h(v) thda man ba diéu kién:
® h(s) =1V
® h(t) =0.
® h(u) < h(v) + 1v6i moi cung thang dw (u, v).
Nhitng rang budc nay goi la rang budc dé cao.
Ham d6 cao h khi cai dit sé dwoc xac dinh bdi tip cac gia tri {h[v]},ey nén tuy theo tirng
trweong hop, ta ¢ thé stv dung ky hiéu h(v) (néu mudn néi tédi gid tri ham) hodc h[v] (néu
mudn ndi t&i mot bién sd).
Thao tac khai tao Init chiu trach nhiém khoi tao mét tién luéng va mot ham dé cao twong
rng. Mot cach khéi tao 1a dat tién ludng trén moi cung e di ra khoi s ding bang sirc chira c(e)
ctia cung d6 (di nhién sé phai dit catién ludng trén cung ddi - e bang - c(e) dé thda man tinh
ddi xtrng 1éch), contién ludng trén cac cung khac bang 0. Khi d6 tat ca cac cung dira khéi s 1a
bao hoa.

c(e),néue € E*(s)

f(e) =3 —c(e),néu —e € E*(s)
0, trwong hop khac

Takhéi tao ham do6 cao h: V — N nhu sau:

V], néuv =s
h(v) =40, néuv =t
1, néuv # {s,t}
RG rang moi cung thing dw (u, v) khong théla cung dira khois (u # s)néntacéh(u) <1<
h(v) + 1. Ham d6 cao trén l1a thich &ng v&i tién ludng f.

Viéc cudicung 1a kKhai tao cac gia tri excess|. ] ing v&itién luong f.



procedure Init;
begin
11Khéi tao tién ludng
for Ve€E do f[e] := 0;

for VYveEV do excess[v] := 0;
for VYe=(s,v)EE*(s) do
begin
fle] := c(e); £[-e] := -c(e);
excess[v] := excess[v] + c(e);
end;

IKhéi tao ham dé cao

for VvEV do h[v] := 1;

h[s] := |V|; h[t] := 0;
end;

9.3.3. Phép day luéng

Phép diy luong Push(e) c6 thé thuchién trén cung e = (u, v) néu cac diéu kién sau dwoc thoa
man:

® yladinhtran: u € V — {s,t}vaexcess[u] > 0

® clacungthing dutrén G: ce(e) = c(e) — f(e) >0

® ucaohonv:h(u) > h(v)

Rang budc h(u) > h(v) két hop véi rang budc do cao: h(u) < h(v) + 1 c6 thé viét thanh
h(u) =h(@) + 1.

Phép Push(e = (u,v7)) sé tinh lwong ludng t3i da c6 thé thém vao theo cung e: A =
min{excess[u], cf(e)}, thém lwgng ludng nay vao cung e va bét mot lwong luébng A tir vvéu
theo cung - e dé gitlr tinh ddi xrng 1éch ctia tién ludng. Viéc cudi cung la cip nhit lai excess[u]
va excess[v] theo tién ludng mé&i. Ban chit ctia phép Push(e = (u, v)) 13 chuyén mét luong
ludng tran A tir dinh u sang dinh v. Dé thiy rang cac tinh chit ctatién ludng van dwoc duy tri
sau phép Push:

procedure Push(e = (u,v));
begin

A := min(excess[u], ce(u, v)); //Tinhleongluongtdidacdthéddy

fle] := fle] + A; f[-e] := £[-e] - A; //Piyluing

excess[u] := excess[u] - A; excess[v] := excess[v] + A; /ICdpnhdtmictran
end;

Phép Pushbao ton tinh chit cia ham dé cao. That viy, khi thao tac Push(e = (u, 17)) dwoc
thwe hién, né chi c6 thé sinh ra thém moét cung thing dw —e = (v,u) ma thoi. Phép Push
khong 1am thay ddi cac do cao, titc 12 truwéc khi Push, h[u] > h[v] thi sau khi Push, h[v] van
nhé hon hlu], tiee 12 rang budc dd cao h[v] < hlu] + 1 van dwoc duy tri trén cung thing dw

—e = (v, u).



Phép Push(e = (u,v)) ddy mét lwong ludng A = min{excess[u], o (e)} tran tiru sang v. Néu

A diing bang c¢(e) = c(e) — f(e), c6 nghia la khi phép Push ting f(e) 1én A thi cung e sé bao

hoa va khong con la cung thing dw trén G nita, ta goi phép day luong nay la ddy bdo hoa

(saturating push), ngwoc lai phép ddy luong dé6 goila ddy khéng bdo hoa (non-saturating push),

sau phép diy khong bdo hoa thi excess[u] = 0, tirc 1a u khong conla dinh tran nira.

9.3.4. Phép nang

Phép nang Lift(u) thwc hién trén dinh u néu cac diéu kién sau dwgc thdéa min:

® yladinhtran: (u # s), (u # t) vaexcess[u] > 0.

® 1y khong chuyén dwoc ludng xuéng noi nao thip hon: Véimoi cung thangdw e = (u,v) €
Ef:h(u) < h(v).

Khi d6 phép Lift(u) nang dinh u 1én bang cach dit h[u]bang do cao thip nhat ctia mot dinh

v noé c6 thé chuyén tai sang cong thém 1:

hlu] = min{h[v]:fl(u,v) € Ef}+ 1

procedure Lift(u€vV);
begin
minH := +;
for Vv:(u,v)EEs do
if h[v] < minH then minH := hv];
h[u] :=minH + 1;
end;

Néu u la dinh tran thi it nhit phai c6 mot cung thiang dw di ra khoéi u, diéu nay dam bao cho
phép ldy min{h[v]: (u,v) € E;} dwgc thyc hién trén mt tap khéc réng. That vy, do u 1a dinh
tran, ta c6 excess[u] = Yeefy-nu) f(€) >0 tic la it nhit c6 mot cung e € {v - {u}} aé
f(e) > 0. Cung d6i - e chic chan 1a mot cung thang dw di ra khéi u béi:

cr(—e) =c(—e) —f(-e) =c(—e) +f(e) > 0
Phép Lift khong dong cham gi dén tién luéng f. Ngoai ra phép Lift chitang dd cao cia mot
dinh va bdo ton rang budc d6 cao: Vi mot cung thang dw (v,u) di vao u, rang budc do cao
h(v) < h(u) + 1 khong bivipham néu ta ning do cao h(u) ctiadinh u. Mit khic, véimot cung
thiang dw (u, v) di ra khoi u thi viéc dat hlu] :== min{h[v] :3(u,v) € Ef} + 1 cling dam bao
rang h(u) < h(v) + 1.
9.3.5. M6 hinh chung va thuat toan FIFO Preflow-Push

O M6 hinh chung
Thuét toan diy tién ludng c6 md hinh cai dat chung kha don gian: Khéi tao tién ludng f va
ham d6 cao, sau d6 néu thay phép ning (Lift) hay day ludbng (Push) nao thuc hién duwgc thi



thwc hién ngay ... Cho t&i khi khong con phép ning hay diy nao cé thé thuwc hién dwoc nira thi
tién ludng f sé tré thanh ludng cwc dai trén mang.

Chinh vi th tw cac phép Pushva Lift dwgc thuc hién khong dnh hwdng tdi tinh ding dang
clia thuat to4n nén ngwoi ta da dé xudt rat nhiéu co ché chon thir tw thuc hién nham gidm thoi
gian thyc hién giai thuat.

B6dé9-15
Cho mang G = (V, E, ¢, s, t) cO tién ludng f va ham dd cao h. V&éi mot dinh tran u, ludn cé thé

thwe hién dwoc thao tic Push(e) trén mot cung e di ra khéi u hodc thwc hién dwgc thao tac
Lift(u)

Chirng minh

Néu thao tic Push khong thé ap dung dwoc cho cung thing dw nao di ra khéi u tic 1a véi moi
cung thang dw (u,v) € Ef, h(u) khdng cao hon h(v), diéu dé chinhla diéu kién hop 1é dé thuc
hién thao tac Lift(u).

O Thuattoan FIFO Preflow-Push

Dinh 1y 9-17 1a co s& cho thuét todn FIFO Preflow-Push. Thuit todn dwgc Goldberg dé xuat

(Goldberg, Efficient graph algorithms for sequential and parallel computers, 1987) dua trén

co ché xt ly dinh tran lay ra tir mot hang doi.

Tai thao tac khéi tao, cac dinh tran sé dwoc lwu trir trong mothang doi Queue ho trghai thao

tac: PushToQueue(v) dé ddy mot dinh tran v vao hang doi va PopFromQueue dé 1y mot

dinh tran khoi hang doi. Thuat toan sé x ly tirng dinh tran z 1ay ra khéi hang doi theo cach

sau: Truwdc hét c6 gang ddy ludng trén cac cung thing dw di ra khoi z bang phép Push. Néu

ddy duogc hét lwong tran (excess[z] = 0) thi xong, néu khong ta dang cao dinh z bang phép

Lift(z) va day lai z vao hang doi cho xt 1y sau. Thuét todn sé tiép tuc véidinh tran tiép theo

trong hang dgiva két thiic khi hang dgi rong, bdi khi mang khong con dinh tran thi khong con

thao tac Push hay Lift nao c6thé thyc hién dugc niva.

Gia sir rang chingta c6 mot dinh tran u va motcung e = (u,v) khong thé diy ludng duorc, tirc

la it nhat mét trong hai diéu kién sau day dwgc thda man:

® (u,v) la cungbiohoac(e) = f(e).

® 1y khéngcao honv: h(u) < h(v).

Khi dé:

®  Sau bat ky phép Push nao, chiing ta van khong thé ddy ludng dwoc trén cunge = (u, v).
That vay, néu u khong cao hon v, phép Push khong lam thay d6i ham d6 cao nén sau
phép Push thiu van khong cao hon v. Néu u cao hon v thi e phai 1a cung bdo hoa, 1énh
Push duy nhit c6 thé bién nd thanh cung thing dw la 1énh Push(—e) lam giam f(e).
Nhwng 1énh Push(—e) khong thé thuc hién dwoc vi cung - e = (v,u) cé v thap hon u.



® Sau batky phép Lift nao ngoai trir Lift(u), chingta ciing khong thé diy luéng dwgc trén
cung e = (u,v). Boi phép Lift khong lam thay doitién lubng trén cac cung, dw lwong cia
céc cung dwoc giit nguyén. Nhw vy néu (u,v) dang bao hoa thi sau phép Lift né van bao
hoa va khong thé diy luong dwoc. Néu (u, v) 12 cung thing dw thi u dang khéng cao hon
v, 1énh Lift duy nhit c6 thé khién u cao hon vla lénh Lift(w).
Hai nhén dinh trén cho phép ta xay dung mét ciu tric dir liéu hiéu qua dé cai dit thuit toan:
Twong tw nhw chwong trinh cai dit thuit toan Edmonds-Karp, ta st dung mang e[—m ...m]
chira cic cung, mang link[m .. m] chira mdc néi trong danh sach lién thudc va mang
head[1...n] chira chi s6 cung diu tién ctia cac danh sach lién thudc. Ngoai ra thuit toan duy
tri mot mang chi s6 current[1...n], & day current[v] 1a chi s6 cia mot cung nao do trong
danh sach lién thudc cac cung di ra khoiv, ban dau current[v] dwoc gan bang head[v] véi
moidinhve V.

type
TEdge = record //Cdu triic mot cung
X, y: Integer; //Hai dinh ddumit
c, f: Integer; //Sitcchita valudng
end;
var
e: array[-maxM..maxM] of TEdge; //Danh sdchcdc cung
link: array[-maxM..maxM] of Integer; //Mdc nditrong danh sdchlién thugc
head, current: array[l..maxN] of Integer;

Trén ciu triuc dir liéu nay, danh sdch mdc ndi cac nut chira cac cung di ra khoi z la:

eli], eliz] elis], -
Trong d6 iy = head|z], i, = link[i;], i = linkl[i,]...
Thuét todn FIFO Preflow-Push sé xir ly Ian lwot tirng dinh tran 14y ra khéi hang doi. V&i moi
dinh tran z 14y khoéi hang doi, cung e[current[z]] 1a mét cung di ra khéi z, gia st cung d6 1a
(z, v). Néu phép diy lubng (Push) trén cung do cé thé thuc hién dwoc thi thuwe hién ngay, dong
thoi ddy v vao hang doi néu v chwa cé trong hang doi. Néu phép day luong nay lam z hét tran
thi chuyén sang xtt ly dinh tran ké tiép trong hang doi, ngwoc lai néu z van con la dinh tran
(ttrc 13 khong thé ddy ludng trén cung e[current|z]] nita), ta dich chi s current[z] sang cung
ké tiép trong danh sach lién thudc (current(z] := link[current[z]]) d& chuyén sang xét mot
cung khéc...Khi dich chi s6 current[z] dén hét danh sich lién thudc ma z van tran, dinh z sé
dwoc nang 1én bang phép Lift(z), chis6 current[x] dwoc dit tré lai bang head[z] d€ no trd
lai vé dau danh sach lién thudc, dinh z sau d6 dwoc day lai vao hang doi cho xi 1y sau...
Tinh hop ly ctia thuit todn nam & chd : khi dinh tran z bat dau dwoc xt ly, tit ca nhitng cung
dirng truéc cung e[current|z]] déu khong thé ddy ludng dwoc. Tircla néu mudn ddy lubng ra
khéi z thi chi cin xét cac cung tir e[current[z]] tré di la dt, khong cin duyét tir dau danh sach

lién thuoc.



procedure FIFOPreflowPush;
begin
Init; /IKhditaotién |u5ng, dé cao, hang doi Queue chiza cdc dinh tran
while Queue # @ do
begin
z := PopFromQueue; //Xitlydinhtranxldyratihdng do
while current[z] <> 0 do //Cd gdng ddy ludng khéiz
begin //Xétcung (z,v) chia trong nit e[current[z]]

v := e[current[z]].y;
if «C6 thé ddy ludng trén cung (z, v)» then
begin
NeedQueue := (v # s) and (v # t) and (excess[v] = 0);

Push(z, v); //Piyluong

if NeedQueue then //Sauphép ddy,vdang khong tran trthanh tran
PushToQueue (v) ; /Déyvvio hang doi choxir Iy

if excess[z] = 0 then Break; //Sauphépdiymazhét tranthiding ddy

end;

current[z] := link[current[z]]; //zchua héttran,chuyénsangxét cung lién thugc tiép theo

end;

if excess[z] > 0 then //Duyéthét danh séch lién thugc ma xvn tran

begin
Lift(z); //Dangcaoz
current[z] := head[z]; //Pitlaichisécurrent[z]vénitdiu danh séch lién thugc
PushToQueue (z); //Pdyzvio hing doi cho xit 1Y sau

end;

end;
end;

Tl nhan xét trén, c6 thé nhan thiy rang nhitng phép Push vaLift trong md hinh cai dit ddm
bao dwoc goi tai nhitng thoi diém ma nhirng diéu kién cin dé thuc thi chiing dwoc théa man.
9.3.6. Tinh ding cua thuat toan
Sau mdi bu¢rc ciiavong 13p chinh, hang doi Queue ludn chiva danh sach céc dinh tran vathuat
todn sé két thic khi khéng con dinh tran nao trén mang. Véi Vv € V — {s, t}, ta cé:

fEwhV) = —f(V,{v}) = —excess[v] =0
TiclavéivVv € V — {s, t} thi tong ludng trén cac cung di ra khdi v bang 0, diéu nay chi ra rang
khi thuit toan két thic, tién ludéng ching ta duy tri trén mang tré thanh mét luong.
Pinhly 9-16
Cho f la mottién luéng trén mang G = (V, E, ¢, s, t), néu ton tai mot ham d6 cao h: V — Ning
voif thi mang thang dw G khong c6 dudng tang ludng.
Chirng minh
Nhéc lai vé rang budc dd cao: h(s) = |V|, h(t) = 0 va véimoi cung thang dw (u,v) thi h(u) <

h(v) + 1. Gid st phdn ching rang c6 dwong tang ludng (s = vy, vy, ..., v, = t) trén mang
thang dw Gy di qua k cung thang dw. Khi do:

h(vo) < h(vl) +1< h(vz) +2<-- < h(vk) +k



hay
h(s) < h(t) +k
14 0
Ta c6 |V| < k, nhung dwong tang ludng phai la dwong di don, tirc 1a qua khong qua|V| — 1
canh, vy k < |V| — 1. Diéu ndy mau thuln, nghia 1a khéng thé ton tai dudng ting ludng trén
Gr.

Pinh 1y 9-17 vaDinh 1y 9-11 (m&i quan hé gitta ludng cuc dai, dwong ting ludng valat cit hep
nhat) chira rang: thuat toan d4y tién ludng trd vé mot luéng va mot ham do cao tng véiludng
do6 nén ludng tra vé chic chan 1a ludng cuc dai.

9.3.7. Tinh dirng cuia thuat toan

Tinh dirng cta thuit todn day tién ludng & trén sé dwoc suy ra khi chiingta phén tich thoi gian
thuc hién giai thudt. Twong tw nhw thudt toan Ford-Fulkerson, ching ta sé€ khong phan tich
thoi gian thue hién trén mé hinh tdng quat ma chi phan tich thoi gian thwe hién gidi thuat
FIFO Preflow-Push ma thoi.

Pinhly 9-17

Cho f 1a mot tién ludng trén mang G = (V, E, ¢, s, t), khi d6 v&i moi dinh tran u, ton tai mot
dwong thang dw di tir u toi s.

Chirng minh

V&i mot dinh tran u bat ky, xét tip X 1a tAp cac dinh c6 thé dén dugc tir u bang mot dudng
thang dw. P4t Y = V — X 1a tap nhitng dinh ndm ngoai X. Trwdc hét ta chi ra rang tién ludng
trén cac cung thudc {Y — X} khong thé 1a s6 dwong. That viy néucée € {Y - X} ma f(e) >
Othi-e € {X > Y}vaf(—e) < 0. Suy ra c6 cung thing du - e n6i mot dinh thuéc X véi mot
dinh y nao d6 thudc Y. Theo cach xay dung tap X, y sé phai la dinh thudc X. Mau thuAn.

Tién ludng trén cac cung thudc {Y - X} khong thé 1a s6 dwong thi f(Y,X) < 0. Ta xét téng
mitc tran cua cacdinh € X:

excess(X)=f(V,X)=fX,X) + f(Y,X) <0
0 <0

Lwong tran tai moi dinh khong phai dinh phat déu 1a s6 khong 4m, ngoai ra u 1a dinh tran € X
nén excess[u] > 0, diéu nay cho thdy chic chan dinh phat s phai thudc X dé€ excess(X) < 0.
N6i cach khéc tir u dén dugc s bang mot duwdong thing dw.



Hé qua
Cho mang G = (V, E, ¢, s, t). Gia st chung ta thwc hién thuit toan diy tién luong véi ham do
cao h:V = N thi d0 cao cda cac dinh trong qua trinh thyc hién giai thuat khong vuot qua
21V — 1.
Chirng minh
Mang phai c6 it nhat mot dinh phat va mét dinh thu nén |V| = 2. Ban dau, h(s) = |V|, h(t) =
Ovah(v) =1,Vv & {s,t} nén do cao ctia cic dinh déu nho hon 2|V| — 1.
Do cao cuia s va t khong bao git bi thay d6i va véi moi dinh u € V — {s, t} thi chi phép Lift(u)
c6 thé 1am ting dd cao cia dinh u. Trwéc va sau phép Lift(u), u phai la dinh tran. Ap dung
két qua cia Pinh ly 9-17, ton tai dwong di don tir u t&i s (u = vy, vy, ..., vy = s) chidi quak
cung thang dw (vy, v;),(v1,v2),...,(Vk—1,V%). T rang budc do caota c6:

h(u) =h(wy) <h(v))+1<h(y,)+2<--<h(v)+k<|V|l+k
Puwong di don thi khéng qua nhiéu hon |V| — 1 canh nén ta c6 k < |[V| — 1, két hop lai c6
h(u) < 2|V| - 1.DPCM.

Dinhly 9-18 (thoi gian thwc hién gidi thudt FIFO Preflow-Push)

Co thé cai dat giai thuat FIFO Preflow-Push dé tim ludong cwc dai trén mang ¢ = (V,E, ¢, s,t)
trong thoi gian O(|V[3 + |VI||E]).
Chirng minh
Ta sé chirng minh mo hinh cai dat thuat toan FIFO Preflow-Push & trén cé thoi gian thuc hién
120(|V|3 + |VI||E|). Vong ldp chinh ctia thut todn mdi lwot 1y mot dinh tran z khoi hang doi
va cb ging tho ludng cho dinh z bang c4c phép Push theo céc cung di ra khéi z. Néu z chua
hét tran thi thwc hién phép Lift(z) va day lai z vao hang dgi. Nhw viy thuit toan FIFO
Preflow-Push sé thuc hién mot day cac phép Lift va Push:

Lift(.),Push(.), Push(.) ...,Push(.),Lift(.), Push(.), ...
Truwdc hét ta chimg minh rang sd phép Lift trong ddy thao tac trén 1a O(|V|?) va tdng thoi
gian thuc hién chung 1a O(|V||E|). That vay, M6i phép Lift s& nang dd cao ctia mot dinh 1én it
nhit 1, ngoai ra d6 cao ctia mbi dinh khong vwrot qua 2|V| — 1 (theo hé qua ctia dinh ly DPinh
1y 9-17). C¥ cho 1a moi dinh € V — {s, t} khi két thic thuit todn déu c6 do cao 2|V| — 1 di nira
thi do chiing dwgc khéi tao bang 1, téng s6 phép Lift cin thuc hién cling khong vuot qua:

(vl =2)@2IvI -2) = o(VvI*)

Moi cung (u, v) s& dwoc xét dén ding mot lan trong phép Lift(u), phép Lift(u) lai dwoc goi
khong qua 2|V| — 2 1an. Vay téng cong trong tat ca cac phép Lift thi mdi cung sé& duoc xét
khong qua 2|V| — 2 14n, mang c6 |E| cung suy ra tong thoi gian thwe hién cta cac phép Lift
trong giai thuat 1a |E|(2|V]| — 2) = O(|V]|E]).



Tiép theo ta chirng minh rang s6 phép diy bio hoa ciing nhw tdng thoi gian thuc hién ching
1a O(|V||E]). Sau phép ddy bao hoa Push(e), néu mudn thwc hién tiép phép day Push(e) nira
thi trwdc d6 chac chan phai c6 phép diy Push(—e) d€ 1am gidm f (e) va bién e tré lai thanh
cung thang dw. Gia st e = (u, v) va -e = (v, u) thi dé thwc hién phép Push(e), ta phai c6
h(u) > h(v). D& thuc hién Push(—e), ta phai c6 h(v) > h(u) va dé thuc hién tié€p Push(e)
nita ta lai phai c6 h(u) > h(v). B&i dd cao cia cic dinh khong bao gior gidm di nén sau phép
Push(e) th hai, dd cao h(u)1én hon it nhit 2 don viso v&ih(u) & phép Push(e) thi nhit.
Vay néu mot cung e = (u, v) cua mang dwoc diy bdo hoa k lan thi d6 cao ctia dinh u sé ting
1én it nhat 1a 2(k — 1). Vi do cao cda cac dinh khéng vwot qua 2|V| — 1 nén s6 phép diy bao
hoa trén mdi cungela k < |V|. Mang c6 |E| cung va thoi gian thuc hién phép Push1a0(1)
nén so phép diy bio hoala O(|V||E[) va thoi gian thuc hién ching ciingla O(|V]|E]).
Doi véi cac phép diy khong bio hoa, viéc danh gia thoi gian thwe hién giai thut dwoc thuc
hién bang ham thé (potential function).Dinh nghia ham thé ® 1a d6 cao 16n nhit ctia cac dinh
tran:

® = max{h[v]: v]1a dinh tran}
Trong trweong hop mang khong con dinh tran thi ta quy wéc @ = 0. Vay @ < 1 khi khéi tao
tién ludng va tré lai bang 0 khi thut toan két thic.
Chia ddy céc thao tac Lift va Pushlam c4c pha lién tiép. Pha thir nhat bit dau khi hang doi
dwockhdi tao gobm cac dinh tran vakét thic khi tit ca cac dinh d6 (vachi nhirng dinh dé thoi)
da dwoc lay ra khoi hang doi vaxik ly. Pha thit hai tiép tuc véi hang doi gom nhirng dinh dworc
day vao trong pha thi nhat vakét thic khi tat ca cac dinh nay duoc 14y ra khéi hang doi vaxk
ly, pha thit ba, thit tw... dwoc chia ra theo cach twong tw nhw vay.
Nhan xét rang phép Push chi ddy ludng tir dinh cao xudng dinh thip, viy nén nhitrng dinh
duwgc ddy vao hang doi sau phép Push ludn thip hon dinh dang xét vira ldy ra khoi hang doi.
Suy ra néu mot pha chi chiraphép Push thi gia tri ham thé ® sau pha dé gidm di it nhat 1 don
Vi.
Gia tri ham thé ® chi c6 thé tiang 1én sau mot pha néu pha d6 c6 chira phép Lift va gia tri ®
tang 1én phai bang mot do cao ctia mot dinh v ndo do sau phép Lift(v) trong pha. Xét mitc
tang cua @ sau pha dang xét:

Prngi = Peg = RWmsi — Pea < AW msi = h(W)ca
Tircla sau moi pha 1am @ tiang1én, ludn ton tai mot dinh v ma mirc ting dd cao ctia v 1én hon
mitc ting ctia ®. Xét trén toan bo giai thuat, do cao ctiamdi dinh v € V — {s, t} dwoc khéi tao
bang 0 va dugc ning 1én t8i da bang 2|V| — 1 nén téng toan bd mikc ting chia cac dinh khong
vuotqud ([V] - 2)(2IV] = 1) = o(IVI?),
Vay néu ta xét cac phalam ® ting thi tong mirc ting ctia @ trén cac pha nay 1a 0(|V]?), tkc 1a

s6 cac pha lam @ giam ciing phai 1a 0(|V]?).N6i cach khéc, sé chi c6 O(|V]?) pha c6 chira phép



Lift va0(|V|?) pha khong chira phép Lift. Cong lai ta c6 s6 pha can thuc hién trong toan bo
giai thuatla O(|V|?).
Mot pha sé phai 14y khoi hang doi t6i da |V| — 2 dinh d€ xir ly. Véi mdi dinh 14y tir hang doi,
viéc thdo ludng sé chi st dung tdi da 1 phép diy khéng bdo hoa vi sau phép day nay thi dinh
s& hét tran va qua trinh xtt ly sé chuyén sang dinh tiép theo trong hang doi. Vay trong mdi pha
c6 khong qua |V| — 2 phép ddy khong bio hoa. Vi tdng s6 pha 1a 0(|V]?), ta c¢6 s6 phép diy
khong bao hoa trong ca giai thuatla 0(]V|3) vaténg thoi gian thwce hién chingcting1a 0(|V|3).
Cudi cling, ta danh gia thdi gian thue hién nhitng thao tac duyét danh sach lién thudc bang cac
chi s6 current[.] trong thuat toan FIFO Preflow-Push. V&i moi dinh z, chi s6 current[z] ban
diu sé &ng v&i nat dau danh sach lién thudc va chuyén dan dén hét danh sach gom deg*(z)
nut. Khi duyét hét danh sach lién thudéc ma z van tran thi sé c6 mot phép Lift(z) va con trd
current[z] dwgc ditlai vé dau danh sich lién thudc. S6 phép Lift(z) trong toan bd giai thuit
khong vwot qua 2|V| — 1, nén sé lwot dich chi s6 current[z] khong vwot qua 2|V| deg*t(z).
Suy ra néu xét tong thé, s6 phép dich cac chiso current].] trén tit ca cac danh sich lién thudc
phai nho hon:

@IVD)Y deg*(z) = 2IVIIE| = 0(VIIED

zev

Két luan:
Toéng thoi gian thuwe hién cac phép nang: O(|V]|E]).
Tong thoi gian thue hién cac phép day bao hoa: O(|V||E|).
T6ng thoi gian thuc hién cac phép diy khong bao hoa: O(|V|3).
Téng thoi gian thuc hién cac phép duyét danh sich lién thudc bang chi s6 current[.]:
O(IVIIED.
Thoi gian thwc hién giai thuat FIFO Preflow-Push: O(|V|3 + |V||E]).

9.3.8. Mot so6 Ky thuit tang toc do giai thuat

Ta da chitng minh rang thuat toan Edmonds-Karp c6 thoi gian thwe hién O(|V||E|?) va thuat
toan FIFO Preflow-Push c6 thoi gian thuc hién O(|V|3 + |[V||E|). Nhitng dai lwgng nay thoat
nhin lam ching ta c6 cam gidc nhw thuat toan FIFO Preflow-Push thuc hién nhanh hon thuat
toan Edmonds-Karp, dic biét trong trueorng hop do thi day (|1E| > |V]).

Tuy vay, nhitng danh gid nay chi la can trén cuda thoi gian thuc hién giai thuat trong truweong
hop xau nhit. Hién tai chwa c6 cac danh gia chat vé cin trén va can dwéi trong treong hop
trung binh. Nhitng thir nghiém bang chwong trinh cu thé cling cho thiy rang cac thuit toan
day tién luong nhw FIFO Preflow-Push, Lift-to-Front Preflow-Push, Highest-Label Preflow-
Push... khong c6 cai thién gi vé tdc dd so v&i thuit todn Edmonds-Karp (thdm chi con chdm

hon) néu khéng str dung nhirtng meo cai dat (heuristics).



Chwa c6 danh gia 1y thuyét chit ché nao vé tac dong cua nhitng meo cai dit 1én thoi gian thuec
hién gidi thuit nhung hau hét cac thir nghiém déu cho thay viéc sir dung nhitng meo cai dit

trén thuc t€ gin nhw 12 bat budc ddi véi cac thuat toan diy tién ludng.

O Ban chit ciaham do cao

Nhic lai vé rang budc do cao: Xét mot tién ludng f trén mang G = (V, E, ¢, s,t), ham dd cao

h:V - N goi 1a twong &ng véi tién ludng f néu h(s) = |V|; h(t) = 0; va véi moi cung thing

dw (u,v) thih(u) < h(v) + 1.

Néu ta gan trong so6 cho cac cung ctia mang thang du Gy theo quy tac: Cung thang dw c6 trong

s6 1 vacungbdo hoa c6 trong s6 +oo. Ky hiéu 6 (u, v) 1a d6 dai dwong di ngan nhat tir u téi v

trén Gy véi cach gan trong s6 nay. Khi d6 khong kho khan kiém ching dworc rang véivov €

V —{s,t}:

® h(v) <68:(vt), tircla h(v) ludnla can dwdi ctia d6 dai dwong di ngén nhit tir v téi dinh
thu.

® Trong trwong hop h(v) > |V, tlr v chic chdnkhong c6 dwong thing dw di t&it va h(v) —
V| < 6 (v,s), tikc 1a h(v) — |V| trong treong hop nay 1a can duéi ctia do dai dwong di
ngan nhit tir v vé dinh phat.

Nhitng meo cai dit dwdi ddy nham diy nhanh cac do cao h(v) trong tién trinh thuwc hién giai

thuat dwa vao nhitng nhan xét trén.

U Gannhan laitoan bd

Noi dung ctia phwong phap gan nhan lai toan bd (global relabeling heuristic) dwgc tom tit
nhuw sau: Xét 14t catchia tp V 1am hai tp r&i nhau X vaY: Tap Y gdbm nhirng dinh dén dwoc t
bang mot dwong thang dw va tip X gdbm nhitng dinh con lai. Chic chan khong c6 cung thang
dw néitlr X sang Y,taco s € X,t € Y. Phép gan nhan lai toan bo sé dat:

® Véivv €Y, taganlai d6 cao hlv] = 8¢ (v,t).

® Véivu € Xvads(u,s) < +oo,ta ganlai d6 cao hlu] = V| + &, (u,s)

® Véivu € Xvads(u,s) = +oo,ta ganlai d6 cao hfu] == 2|V| -1

Khong kho khan dé kiém ching tinh hop 1y ctia ham d6 cao méi. C6 thé thiy rang cac do cao
mdi it rala khong thip hon cac do cao cil.

Cac gia tri 67 (v, t) cling nhw 8 (u,s) c6 thé dwoc xac dinh bang hai lwot thuce hién thut toan
BFS tir t va s. Boi ta cin thoi gian O(|E[) cho hai lwot BFS vagan lai cac dd cao, nén phép gan
nhin lai toan bo thuwdong dwoc goi thue hién sau mot loat chi thi so cdp dé khong lam anh
hudng téi danh gia O 1on clia thoi gian thwe hién gidi thudt (chdnghan sau moi |V| phép Lift).

Chu y1a khi ning do cao h[z] ctia mot dinh z nao d6, can cip nhitlai current|z] := head[z].



0O Piynhan theo khe

Phép diy nhin theo khe (gap heuristic) dwoc thuc hién nho quan sat sau:

Gia str ta cOmot s6 nguyén 0 < gap < |V| ma khéng dinh nao c6 do cao gap (s6 nguyén gap
nay duoc goi la “khe”), khi d6 moi dinh z cé h[z] > gap déu khong cé dwong thing dw di dén
t.

Nhan dinh trén c6 thé chirng minh bang phan chirng: Gia st tir z c6 dwong thing dw di dén ¢,
v&imétcung (u, v) trén dwong ditacd h(u) < h(v) + 1, tirclatrén dudng di nay, tirmot dinh
u ta chi c6 thé di sang mot dinh v khong thip hon hodc thip hon u ding moét don vi. Tir
h(z) > gap > 0vah(t) = 0, chic chan trén duwdng thing dw tir x téi t phai c6 mot dinh do
cao gap. Mau thuan véi gia thuyét phan chirng.

Phép diy nhan theo khe néu phat hién khe 0 < gap < |V| sé xét tit ca nhitng dinh z € V —
{s}c6 gap < h(z) < |V|vadatlai hlz] == |V| + 1.

Ta sé chi ra rang phép ddy do cao ndy van dam bao rang budc d6 cao ctia ham h. P6 cao cta
dinh phat va dinh thu khéng bi dong cham dén, tirc 1a h[s] = |V| va h[t] = 0. Trwéckhi thuc
hién phép day theo khe, ta chia tip dinh V thanh hai tip r&i nhau: Tap X gom nhitng dinh cao
hon gap vatip Y gom nhirng dinh thip hon gap. Do rang budc dd cao h(u) < h(v) + 1 véi
moi cung thing dw (u, v), khong ton tai cung thing dw ndi tir X t&i Y. Phép diy theo khe chi
tang do cao clia mot vai dinh x € X va nhw vay rang budc d6 cao néu bi vi pham thi chi bi vi
pham trén nhitng cung thang dw di ra khoi x. Nhw 1dp ludn trén, cung thang dw di ra khéi x
chic chan phai di vao mot dinh x' € X ¢6 dd cao it nhat 1a |V| sau phép diy theo khe. Tir
h(x) =|V|+1tacoh(x) < h(x')+ 1.

Phép d4y nhin theo khe st dung mang count[0 ...2|V| — 1] dé dém count[k] 1a s6 dinh c6 do
cao k. Moi khi c6 s thay d6i do cao, ta phai dong bd lai mang count theo tinh trang ham do
cao mé&i. Sau mdi phép Lift(u),d6 cao ciictadinh u dwoc lwu trit lai trong bién 0ldH vaphép
Lift thuc hién nhu binh thwong. Sau d6 néu 0 < OldH < |V|va count[0ldH] = 0, phép diy
theo khe OldH sé dwoc goi va thyc hién trong thoi gian O(|V|). Bdi s6 phép Lift canthuwe hién
trong toan b giai thuat 1a O(|V|?), téng thoi gian thwc hién cac phép diy theo khe sé 1a
0(|V]3) nén khong anh hwéng tdi danh gia O-1én cha thoi gian thwe hién gidi thuit FIFO
Preflow-Push.

Duwéi diy la bang so sanh toc d6 cta cac chwong trinh cai dit cu thé trén mot s6 bo dir liéu.
V&i mot cap s6 n, m, 100 dé thi véin dinh, m cung dwoc sinh ngiu nhién véi sttc chita 1a s§
nguyén trong khoang tir 0 t&i 10%. C6 4 chwong trinh dwoc thit nghiém: A: Thuit toan
Edmonds-Karp, B: thuat toan FIFO Preflow-Push, C: thuat toan FIFO Preflow-Push vé&i phép
gan nhan lai toan b va D: thuat toan FIFO Preflow-Push véi phép ddy nhan theo khe. Moi
chwong trinh duogc thir trén ca 100 dd thi va do thoi gian thwc hién trung binh (tinh bang
gidy):



n =100 n =200 n = 500 n = 800 n = 1000
m = 10000 | m = 30000 | m = 40000 | m = 90000 | m = 100000
A 0.0688 0.5925 0.6598 1.7158 2.7629
B 0.0983 0.7395 3.4377 9.9014 25.0723
C 0.0313 0.0624 0.0857 0.1809 0.2433
D 0.0282 0.0577 0.0828 0.1575 0.1889
U Caidat

Duwdéi day 1a chwong trinh cai dat thuit todn FIFO Preflow-Push kéthgp véiky thudt diy nhan
theo khe, viéc cai dat va danh gid hiéu suit cia phép gan nhan lai toan b ching ta coi nhw bai
tap. Cac ban c6 thé thir cai dat két hop ca hai ky thuit tang téc nay dé xac dinh xem viéc d6 cé
thuc sw can thiét khong.

Input/Output c6 khudn dang giong nhw & chwong trinh cai dat thuit toan Edmonds-Karp.
Hang doi chira cac dinh tran duoc t6 chirc dwdi dang danh sach vong: Cac chi s6 dau/cudi
hang doi sé chay xu6i trong mot mang vakhi chay dén hét mang sé ty dong quay vé dau mang.
=2 FIFOPREFLOWPUSH.PAS v Thuét todn FIFO Preflow-Push

{$MODE OBJFEC}
program MaximumFlow;

const
maxN = 1000;
maxM = 100000;
maxC = 10000;
type

TEdge = record //Cdu triic mot cung
X, y: Integer; //Hai dinh ddumit
¢, f: Integer; //Sitcchita valudng
end;
TQueue = record //Cdu trichdng dgi
items: array[0..maxN - 1] of Integer; //Danh sdch vong
front, rear, nlItems: Integer;
end;
var
e: array[-maxM..maxM] of TEdge; //Mdng chita cdccung
link: array[-maxM..maxM] of Integer; //Mdc nditrongdanh sdchlién thugc
head, current: array[l..maxN] of Integer; //con trd t¢i dduva vitri hién taicia danhsdchlién thugc
excess: array[l..maxN] of Integer; //mitc trancia cdcdinh
h: array[l..maxN] of Integer; //ham djcao
count: array[0..2 * maxN - 1] of Integer; //count[k] =sd dinhcd dg caok
Queue: TQueue; //Hang dgichita cdc dinh tran
n, m, s, t: Integer;
FlowValue: Integer;

procedure Enter; //Nhdp di liéu
var

i: Integer;

u, v, capacity: Integer;



begin
Readln(n, m, s, t);
FillChar(head[1l], n * SizeOf(head[l]), 0);
for i :=1 tom do
begin
ReadLn(u, v, capacity);
with e[i] do //Thém cung e[i] = (u,v) vao danh sdch lién thudc cia u

begin
X :=u; y :=vVv; c := capacity;
link[i] := head[u]; head[u] := i;
end;
with e[-i] do //Thém cunge[-i] = (v, u) vao danh sdch lién thugc cia v
begin
X :=v; y:=u; ¢ :=0;
link[-i] := head[v]; head[v] := -i;
end;
end;
for v := 1 to n do current[v] := head[v];

end;

procedure PushToQueue(v: Integer); //Ddy métdinhvvdo hang dgi

begin
with Queue do
begin
rear := (rear + 1) mod maxN; //Dich chisd cudihang doi rear = maxN - 1sétrc lai thanh 0
items[rear] := v; //Bdtvvdovitricudihdng doi
Inc(nltems); //Tdng bién dém sd phdn tir trong hang doi
end;
end;

function PopFromQueue: Integer; //Ldy mgtdinhkhdihang doi
begin
with Queue do
begin
Result := items[front]; //Trd vé phdn tir ¢ ddu hang doi
front := (front + 1) mod maxN; //Dich chisd dduhdng doi front=maxN -1 sétré lai thanh 0
Dec(nItems); //Gidm bién dém sd phdn tir trong hang doi
end;
end;

procedure Init; //Khéi tao
var
v: Integer;
sf: Integer;
i: Integer;
begin
//Khdi tao tién ludng
for i := -m tom do e[i].f :=0;
FillChar(excess[1l], n * SizeOf(excess[1l]), 0);
i := head[s];
while i <> 0 do //Duyét cdccung dira khdidinh phdt va ddy bdo hoa cdc cung dé, cdp nhdt cdc mibc tran excess[]
begin
sf := e[i] .c;
e[i].f := sf; e[-i].f := -sf;
Inc(excess[e[i] .y], sf); Dec(excess[s], sf);
i := link[i];
end;



//Khdi tao ham dg cao

for v := 1 to n do h[v] := 1;

h[s] :=n; h[t] := 0;

//Khéi tao cdc bién dém: count[k] la s6 dinh ¢6 @6 cao k
FillChar(count[0], (2 * n) * SizeOf(count[0]), 0);

count[n] := 1; count[0] := 1; count[l] :=n - 2;
//Khéi tao hang doi chika cdc dinh tran
Queue.front := 0; Queue.rear := -1; Queue.nltems := 0; //Hing dgirdng

for v := 1 to n do //Duyét tdp dinh
if (v <> s) and (v <> t) and (excess[v] > 0) then //vtrin
PushToQueue (v); //ddy v vdo hang doi
end;

procedure Push(i: Integer); //Phép ddy ludng theo cung efi]
var
Delta: Integer;
begin
with e[i] do
if excess[x] < ¢ - f then Delta := excess[x]
else Delta :=c¢ - f;
Inc(e[i].f, Delta); Dec(e[-i].f, Delta);
with e[i] do
begin
Dec(excess[x], Delta); Inc(excess[y], Delta);
end;
end;

procedure SetH(u: Integer; NewH: Integer); //Dit dd cao cia uthanh NewH, ddng bd héa mdng count
begin

Dec(count[h[u]]);

h[u] := NewH;

Inc(count [NewH]) ;
end;

procedure PerformGapHeuristic(gap: Integer); //Pdy nhin theo khe gap
var
v: Integer;
begin
if (0 < gap) and (gap < n) and (count[gap] = 0) then //gap diing ld khe thdt
for v :=1 to n do
if (v <> s) and (gap < h[v]) and (h[v] <= n) then

begin

SetH(v, n + 1);

current[v] := head[v]; //Ning d¢ cao ciia vcin phdicdp nhdt lai con trd current|v]
end;

end;

procedure Lift(u: Integer); //Phép ning dinhu

var
minH, OldH: Integer;
i: Integer;
begin
minH := 2 * maxN;
i := head[u];
while i <> 0 do //Duyét cdccung dirakhdiu
begin

with e[i] do



if (¢ > £) and (h[y] < minH) then //Gip cung thdng du (u, v), ghi nhdn dinhv thdp nhdt
minH := hly];
i := link[i];
end;

01dH := h[u]; //Nhé laihfu] ci

SetH(u, minH + 1); //ndng caodinhu

PerformGapHeuristic (01dH); //C6 thé tao ra khe OldH, ddy nhin theo khe

end;

procedure FIFOPreflowPush; //Thudt todn FIFO Preflow-Push

var
NeedQueue: Boolean;
z: Integer;
begin
while Queue.nItems > 0 do //Chitng ndo hdng doi van con dinh tran
begin
z := PopFromQueue; //Ldy mft dinh tranx khéihdang doi
while current[z] <> 0 do //Xét mft cung dirakhdix
begin
with e[current[z]] do
begin
if (¢ > £) and (h[x] > h[y]) then //Néu cdthé ddy ludng dwoc theo cung (u, v)
begin
NeedQueue := (y <> s) and (y <> t) and (excess[y] = 0);
Push(current[z]); //Ddy lubng luén
if NeedQueue then //vdang khdng tran sau phép ddy tré thanh tran
PushToQueue (y); //Pdy v vdo hang doi
if excess[z] = 0 then Break; //xhét tran thi chuyén qua xét dinh khdc ngay
end;
end;
current[z] := link[current([z]]; //xchwa héttran thi chuyén sang xét cung lién thudc tiép theo
end;
if excess[z] > 0 then //Duyét hét danhsdchlién thuéc max vdn tran
begin
Lift(z); //Ndng cao x
current[z] := head[z]; //Dit contrd current[x] trd lai vé ddu danh sdch lién thugc
PushToQueue (z); //Pdy lai xvio hang doi chd xib lj sau
end;
end;
FlowValue := excess[t]; //Thudt todn két thic, gid tri ludng bdng tong ludng di vao dinh thu (= - excess[s])
end;

procedure PrintResult; //In kétqud

var
i: Integer;

begin
WriteLn('Maximum flow: ');
for i :=1 tomdo

with e[i] do
if £ > 0 then //Chi cén in ra cac cung c6 ludng > 0
WriteIn('e[', i, '1 =(', x, ', ', ¥y, "Vic=",¢, "', £=", £f);
WriteLn('Value of flow: ', FlowValue);
end;

begin
Enter; //Nhdp di liéu



Init; //Khdi tao
FIFOPreflowPush; //Thwc hién thudt todn ddy tién ludng
PrintResult; //In két qud

end.

Dinhly 9-19 (dinh ly vétinh nguyén)

Néu tat ca cac strc chirala s6 nguyén thi thuit toan Ford-Fulkerson ciing nhw thuit toan day
tién lubng luén tim dwoc ludng cuc dai véi ludng trén cung la cac s6 nguyén.

Chitrng minh

boi véi thudt toan Ford-Fulkerson, ban dau ta khéi tao luong 0 thi luéng trén cac cung la
nguyén. Moi 1an tang ludng doc theo dwong tang ludng P, ludng trén moi cung hoic gii
nguyén, hodc tang/giam mot lwong Ap ciling 1a s6 nguyén. Viy nén cudi cung ludng cuc dai
phai c6 gia tri nguyén trén tit ca cac cung.

Da&i véi thuit todn diy tién ludng, ban diu ta khédi tao mét tién lubng trén cac cung 1a sd
nguyén. Phép Lift va Push khonglam thay ddi tinh nguyén cua tién luéng trén cac cung. Vay
nén khi thuét toan két thic, tién luéng tré thanh luong cwe dai véigia tri ludng trén cac cung
la s6 nguyén.

9.4. Mot sO mé& rong va rng dung cua luong

9.4.1. Mang vé&inhiéu dinh phat va nhiéu dinh thu

Ta mé& rong khai niém mang bang cach cho phép mang G c6 p dinh phat: sy, 55, ..., Sp vaq dinh
thuty, ty, ..., tg cac dinh phat va cac dinh thu hoan toan phan biét. Ham sttc chira va ludng
trén mang dwoc dinh nghia twong tw nhw trong treong hop mang c6 mot dinh phat va moét
dinh thu. Gia tri ctia lubng dwoc dinh nghia bang téng ludng trén cac cung di ra khéi cac dinh
phét. Bai toan dat rala tim luéng cwc dai trén mang cé nhiéu dinh phat va nhiéu dinh thu.
Thém vao mang hai dinh: mét siéu dinh phat s va siéu dinh thu ¢. Thém cac cung noi tir s tdi
cac dinh s; c6 strc chira +oo, thém cac cung noi tir cac dinh tj tdi t véi stiee chira 400, Ta dwoc
mot mang méi G’ = (V,E’) (Hinh 9-5).

Hinh 9-5.Mang v&i nhiéu dinh phat va nhiéu dinh thu



C6 thé thiy rang néu f 12 mot ludng cwc dai trén ¢, thi f han chétrén G ciing 1a ludng cuc dai
trén G. Vay dé tim luéng cuc dai trén G, ta sé tim ludng cuwc dai trén G’ roi loai bo siéu dinh
phét s, siéu dinh thu ¢ va tit ca nhirng cung gid méi thém vao.

Mot cach khac cé thé thuc hién dé tim ludng trén mang c6 nhiéu dinh phat va nhiéu dinh thu
la loai bé tit cac cac cung di vao cac dinh phét cling nhw cac cung di ra khai cac dinh thu. Chap
tit ca cac dinh phat thanh mét siéu dinh s vachép tit ca cac dinh thu lai thanh mot siéu dinh
thu ¢, mang khong con cac dinh sy, s5,.., s, vaty, ty, ..., tg nira ma chi c6 thém dinh phats va
dinh thu t. Trén mang ban dau, mdi cung di vao/ra s; dwoc chinh lai ddu muat dé né di vao/ra
dinh s, m6i cung di vao/ra tj cling dwoc chinh lai dau mat dé né di vao/ra dinh t, ta dwoc mot
mang ma&i G".

Khi d6 ta c6 thé tim f 1a mot ludng cuc dai trén G”' vakhoi phuc lai ddu mat ctia cac cung nhw
cii dé f trd thanh luéng cwc dai trén G.

9.4.2. Mang v@i strc chira trén ca cac dinh va cac cung

Chomang G = (V,E, c,s, t),mdidinh v € V — {s,t} dwgc gdn mot s6 khong am d (v) goila sirc
chira cia dinh d6. Luéng dwong ¢ trén mang nay duoc dinh nghia véi tatca cac rang budc ctia
ludng dwong va thém motdiéu kién: Téng ludng dwong trén cac cungdi vaomdidinhv € V —
{s,t} khong dwoc vuot qua d(v): Yeep-v) @(e) < d(v). Bai toan dat ra la tim luéng duong
cuc dai trén mang cé rang budc strc chira trén ca cac dinh va cac cung.

Tach mbi dinh x € V — {s, t} thanh 2 dinh m&i x;p,,% oy, va mot cung (x j, Xyt ) VOi sttc chita
d(x). Cac cung di vao x dwgc chinh lai dau mat dé di vao x;, va cac cung di ra khéix dworc
chinh lai ddu mut dé dira khoi x ,,,; (Hinh 9-6). Taxay dung dwocmang G’ = (V',E’) véidinh
phat s va dinh thu t.

BOSESENOC®

d(x

Hinh 9-6.Tach dinh

Khi d6 viéc tim ludng dwong cuc dai trén mang G c6 thé thuc hién bang cach tim ludng dwong
cuc dai trén mang G’, sau d6 chip tit ca cac cap (x,, Xyt ) tro lai thanh dinh x (Vx €V —
{s,t}) d€ khéi phuc lai mang G ban dau.

9.4.3. Mang vé&irang budc luéng dwong bi chin hai phia

Cho mang G = (V, E, ¢, s, t) trong d6 mdi cung e € E ngoai sirc chira (lwu lwong) tdi da c(e)
condwoc gan motsé khéng am d(e) < c(e) goilalwu lwong téi thiu. Mot ludng dwong twong
thich ¢ trén G dwoc dinh nghia véi tat ca cac rang budc ctia lubng dwong va thém mét diéu

kién: Lubng dwong trén mdi cung e € E khong dugc nhé hon sttc chira téi thidu ctia cung do:



d(e) < ¢(e) <c(e)
Bai todn dit ralakiém chirng su ton tai ciialudng dwong twong thich trén mang véirang budc
lubng dwong bi chan hai phia.
X4y dung mot mang ¢’ = (V’,E’) tir mang G theo quy tac:
® Tip dinh V' c6 duwoc tir tip V thém vao dinh phat gid s’ va dinh thu gid t: V' =V +
{s",t'}.
® Moicunge = (u,v) € E sé twong (tng vdiba cung trén E’: cung e; = (u, v) c6 sirc chira
c(e) —d(e), cunge, = (s’,v) va cung e; = (u,t’) cé stec chirad(e). Ngoai ra thém vao

cung (t, s) € E' vGi strc chiva o0

Hinh 9-7.

Goi D = Y ,cpd(e) la tong sirc chira toi thiéu cla cac cung trén mang G. Khi d6 trén mang G’,
téng sttc chira cac cung di ra khéi s’ cling nhw tong strc chira cac cung di vao t’ bang D. Vi vay
v&imoi ludng dwong trén G’ thi gia tri luéng d6 khong thé vuotqua D.
Tl d6 suy ra rang néu ton tai mot ludng duwong ¢’ trén G’ c6 gia tri ludng |¢'| = D thi ¢’ bat
budc la ludng dwong cwc dai trén G'.
Bo dé 9-20
biéu kién can va du dé ton tai ludng dwong twong thich ¢ trén mang G 13 ton tai luong dwong
cwcdai @' trén G' v&igia tri lubng |¢'| = D.
Chirng minh
Gia st lubng dwong cuc dai ¢’ trén G’ c6 |p| = D = Y .egd(e). Ta xdy dung lubng ¢ trén G
bang cach cong thém vaoludng ¢’ trén mdi cung e mot lwong d(e):

@:E - [0,+00)

e->ple) =¢'(e)+d(e)

Khi d6 c6 thé dé dang kiém ching dwoc ¢ théa man tit ca cac rang budc ctia ludbng dwong
twong thich trén mang G.
Nguoc lai néu ¢ la mot lubng dwong twong thich trén G. Ta xay dung ludng dwong ¢’ trén G’
bang cach trir ludng ¢ trén moi cung e di mot lwong d(e), ddng thoi dit ludng ¢’ trén cac
cung di ra khéi s’ cling nhw trén cac cung di vao t’ ding bang strc chira ciia cung d6. Khi d6
ciing dé dang kiém chirng dwoc ¢’ 1a ludng dwong cuc dai va |¢| = D.



9.4.4. Mang véi sirc chira am

Chomang G = (V, E, c,w,s, t) trong d6 ta mé rong khai niém sitc chira bang cach cho phép ca
nhirng stirc chira 4m trén mot s6 cung. Khai niém luéng dwoc dinh nghia nhw binh thwdng.
Néu nhuw c6 thé khéi tao dwoc mot ludng thi thut toan Ford-Fulkerson van hoat dong diing
dé tim ludng cuwc dai trén mang cé strc chira 4m. Van dé khéi tao mot ludng bat ky trén mang
khong phai don gian vi ching ta khong thé khéitao bang ludng 0, bdi néu nhu vay, rang budc
strc chira t6i da sé bi vi pham trén cac cung c6 strc chira am.

Gid sit mdt cung e € E ¢6 strc chira c(e) < 0. Theo tinh ddi xirng 1éch cta ludng f(e) =
—f(—e) varang budc sirc chira téida f (e) < c(e), ta co:

f(=e) =—f(e) = —c(e) >0 (9.5)

Nhu vy rang budc strc chiva téida f(e) < c(e) twong dwong véirang budc vé sirc chira toi
thi€u - c(e) trén cung ddi -e. Viéc chi ra mot ludbng bat ky trén G c6 thé thwe hién bang cach
tim luéng dwong trén mang vé&irang budc luéng dwong bi chén hai phia sau d6 bién doi luong

dwong nay thanh luéng can tim.
9.4.5. Lat cat hep nhait

Ta quan tAm té&i d6 thi vo hwéng lién thong G = (V,E) véi ham trong s6 (hay leu lwong)
c: E - [0,+00). Gid str |[V| = 2, nguwdi ta mudn bo di mot s6 canh dé do thi mat tinh lién thong
va yéu cau tim phwong an sao cho tong trong s6 cac canh bi loai bo la nhé nhat.

Bai ton ciing c6 thé phét biéu du¢i dang: hay phan hoach tap dinh V thanh hai tAp khac rong
r&i nhau X va Y sao cho tong lwu lwong cac canh noi gitra X va Y la nho nhit cé thé. Cach phan
hoach nay goi 1 14t cit tdng quat hep nhit cla G, ky hiéu MinCut(G).

c(X,Y) » min
X+QY+0;XNY =@, XUY =V,

Mot cach té nhat c6 thé thuc hién 12 thir tit ca cac cdp dinh s,t. V&i moi 1an thiy ta cho s lam
dinh phat va t 1am dinh thu trén mang G, sau d6 tim ludng cuc dai valat cits — t hep nhAit.
Cudi cung 1a chon It cat s — t c6 lvu lwong nhoé nhét trong tat ca cac lan thir. Phuwong phap

sow (N “D 1w N aA VA s A 2 Lt o e Ti AL T4
nay can (2) = nx(: ) lan tim luéng cwc dai, c6 toc dd6 cham va khéng kha thi véidir liéu 1on.

Bédeé9-21

V&is va t1a hai dinh bat ky. Tir do thi G, ta xay dung d6 thi G bang cach chp hai dinh s vat
thanh mét dinh duy nhat, ky hiéu st, cac canh n6i s v&i t bi hly bo, cac canhlién thudc vichi
s hodc t dwoc chinh lai ddu mut d€ tré thanh canh lién thudc véi st. Khi d6 MinCut(G) c6thé
thu dwoc bang 14y 14t cdt c6 lwu lwgng nhé nhit trong hai 14t cat:

® Latcdts — t hep nhat: Coi s 1a dinh phéat va t 1a dinh thu, 14t cit s — t hep nhit c6 thé xac

dinh bang viéc gidi quyét bai toan ludng cwc dai trén mang G.



®  Lat catténg quat hep nhit trén Gg: MinCut(Gg,).

Chitrng minh

Xét 14t cat téng quat hep nhit trén G c6 thé dwa s vat vao hai thanh phan lién thong khac
nhau hodc dwa ching vao cung mét thanh phan lién thong. Trong trwong hop thi nhat,
MinCut(G) 1a 14t cat s — t hep nhit. Trong trudng hop thit hai, MinCut(G) 1a MinCut(Gs;).
BG dé 9-21 cho phép ching ta xiy dung mot thuét toan tothon: Néu do thi chi gom 2 dinh thi
chi viéc cat roi hai dinh vao hai tap. Néu khong, ta chon hai dinh batky s, t 1am dinh phat va
dinh thu, tim ludng cwc dai va ghi nhan 14t cats — t hep nhat. Tiép theo ta chip hai dinh s, t
thanh mot dinh st valap lai véi do thi G ... Cudi cing 1a chiralat cit s — t hep nhit trong s6
tAt ca caclat cat dwoc ghi nhan. Phwong phap nay doi hoi phai thuc hién |V| — 1 14n tim ludng
cuc dai, tuy da co sw cai thién vé toc dd6 nhwng chwa phai thit tét.

Nhan xét rang tai moi bwdc cla cach giai trén, ching ta c6 thé chon hai dinh s, t bt ky mién
sao s # t. Vivay ngudi ta mudn tim mot cach chon cdp dinh s, t mdt cach hop 1y tai mbi buéc
dé c6 thé chira ngay lat cats — ¢t hep nhit ma khong can tim ludng cuc dai. Thuat toan dudi
day (Stoer & Wagner, 1997) la moét trong nhitng thuat toan hiéu qua dwa trén y tudng do.
Vé&i Ala mot tap concda tdp dinh V va x la mot dinh khong thudc A. Pinh nghia lyc hiit ctia A
d6i véi x 1a tong trong s6 cac canh ndi x v&icac dinh thudc A:

calt= > @

e=(xy)€E
YEA

Bo dé 9-22

Bat dAu tir tAp A chigdm mot dinh bAtky a € V, ta ctt tim mot dinh bi A hit chit nhit kétnap
thém vao A cho téikhi A = V. Goi s va t 1a hai dinh dwoc két nap cudi cung theo cach nay. Khi
do lat cat (V — {¢},{t}) 1alat cit s — t hep nhit.

Chitrng minh

Xét moOt lat cit s — t bt ky k, ta s& chirtng minh rang luu lwgng ctia lat cat (V — {t},{t}) khong
16m hon luu lwgng cla lat cat k.

Mot dinh v dworc goi la dinh hoattinh néu v vadinh dwoc dwa vao A lién truede v bi roi vao hai
phia ctialat cit k. Goi 4, 1a tp cac dinh dwoc két nap vao A truéce dinh v, k,, 12 14t cat k han
chétrén A, U {v} (Latcat k,, dung diing cach phan hoach ctialat citk nhung chi quan tAm t&i

tap dinh A4, U {v}). Goi c(k) 1a lwu lwong cta lat cat k, c(k,) 12 lwu lwong cta lat cét k.

Trwdchét ta str dung phép quy nap dé chi ra rang néu u 1 dinh hoat tinh thi:

c(Ay,{u}) < clxy) (9.6)

Né&u u ladinh hoat tinh dAu tién dugc két nap vao 4, l1at cat k,, sé chia tp 4, U {u} lamhai tap,

mot tap 1a A, va mot tap 1a {u}, khi do ta c6 c(4,,{u}) cling chinh 12 c(x,). Gia thiét rang bat



dang thirc (9.6) dling v&idinh hoat tinh u, ta sé ching né ciing ding v&inhiing dinh hoat tinh

v dwoc két nap vao A sau u. Thit vy,

c(Ap, {v}) = c(Ay,{v}) + c(4, — 4, {vD) (9.7)
Do A, phai hit u manh hon v, két hop véi gia thiét quy nap, ta cé:
c(Ay v} < c(Ay{u}) < ciy)
Hang tr c(A, — Ay, {v})1a téng trong s6 cac canh néi gitra vva A, — A,. Do u va v 1a hai dinh
hoat tinh lién tiép, cac canh ndy sé& néi gitta hai phia cualat cat k,, va c6 déng gop trong phép
tinh ¢(k,), mat khac do v ¢ A, U {u}nén nhitng canh nay khéng dong gop trong phép tinh
c(ky,). Vay tir cong thirc (9.7), ta suy ra:

c(4,,{v}) = c(A,,{v}) + c(4, — A, {v})
< c(ry) +c(4, — Ay, {v}) (9.8)
< c(xy)

Vi k 12 mot 14t cits — t nén chic chin s vat ndm & hai phia khac nhau cta 14t cat k, hay néi
cachkhéc, t 12 dinh hoat tinh. B4t d&ng thirc (9.6) chirng minh & trén cho ta két qua:
c(V —{t}{t}) = c(4.{t})
< c(x¢) (9.9)
= c(x)
Ta chitng minh dwoc 1at cat (V — {¢},{t}) 1a lat cat s — ¢ hep nhit.
Pinhly 9-23
Viéc tim 14t cit tdng quat trén do thi vo huéng lién thong véi ham trong s6 khong Am c6 thé
duoc thue hién bang thuat toan trong thoi gian O(|V|?1og|V] + [V]|E).
Chirng minh
Bat dAu tir tap A chi gbm mot dinh b4t ky, ta m& rong A bang cachlan lwgtkét nap vao A dinh
bi hit chat nhit cho téi khi A = V. Viéc nay dwoc thuwe hién véi ky thuit twong tw nhw thuét
toan Prim: v&i Vv € A, taky hiéu nhin d[v] 1a lwc hat cia A d6i véi dinh v. khi A dwoc kétnap
thém mot u thi cac nhan lyc hit cia nhitng dinh v khac sé dwoc cap nhat lai theo cong thirc:
d[Vlmei =d[v]ea + c(w,v),¥(w,v) €E
Bang viéc t6 chirc cac dinh ngoai A trong mot hang doi wu tién dang Fibonacci Heap, viéc mé
rong tip A cho t&i khi A = V dwoc thuce hién trong thoi gian O(|V|log|V]| + |E]). Trong qua
trinh d6, s va t1a hai dinh cuéi cung dwgc két nap vao A ciing dwgc xac dinh va MinCut(G)
duoc cap nhat theo lat cats — t hep nhit. Sau d6 hai dinh s, t dwgc chip vao vathuat toan lap
lai v&i do thi Gg;. Tong cong ta c6 |V| — 114n 1ap, suy ra lat cat tong quat hep nhit c6 thé tim
duoc trong thoi gian O(|V[% 1log| V] + [V]|E]).



Mic du tinh ding ding cua thuat toan dwoc chirng minh dwa vao ly thuyét vé ludng cuc dai
valat cat hep nhat, viéc cai dit thuat toan lai kha don gian va khong dong cham gi dén ludng

cwc dai.

Bai tap 9-1
Cho f; va f, 1a hai lubng trén mang G = (V, E,c, s,t) va a 1a mot s6 thwc nam trong doan
[0,1]. Xét 4nh xa:
fo:E - R
e fa(e) = afi(e) + (1 - a)fz(e)
Chirng minh rang f,, cling 1a mot ludbng trén mang G véi gia tri ludng:
fal = al il + 1 — )£
Bai tap 9-2
Cho f 1A mét ludng trén mang ¢ = (V,E,c, s,t), chimg minh rang v&iVe € E, ta co:
cr(e) + cg(—e) = c(e) + c(—e)
Bai tap 9-3
Cho f l1aludng cucdai trén mang G = (V, E, ¢, s,t), goi Y 1a tip cac dinh dén dwoc t bang mot
duong thing du trén GrvaX =V —Y. Chling minh rang (X, Y) la 1at cits — t hep nhdt cta
mang G.
Bai tap 9-4
Viét chwong trinh nhin vao mét d6 thi c6 hwéng G = (V,E) véihai dinh phan biétsvatva
tim mot tip gdbm nhiéu dwong di nhat tir s tdi t sao cho cac dwong di trong tip nay doéi mot
khong c6 canh chung.
Goiy
Coi s 1a dinh phat va t 1a dinh thu, cac cung déu c6 strc chira 1 va tim luéng cuc dai trén mang,
theo Pinh 1y 9-19 (dinh ly vé tinh nguyén), ludng trén cac cung chi c6 thé 1a 0 hoic 1. Loai bo
cac cung c6 luéng 0 va chi giir lai cac cung c6 luéng 1. Tiép theo ta tim mot dwong di tir s téi
t, chon dwong di nay vao tip hop, loai bo tat ca cac cung doc trén dwong di nay khéi do thi va
lap lai..., thuit toan sé két thic khi d6 thi khdng con canh nao (khéng con dwong di tir s tdi t).
Vé ky thuit cai dat, ta c6 thé tim mot duong di tir s tdit trén do thi G, ddo chiéu tat ca cac
cung trén dwong di nay va ldp lai cho t&i khi khong con dwong di tir s tdi t niva. Co thé thiy
rang do thi G tai mdi bwdc chinh 1a d6 thi cac cung thing dw va dwong di tim dwgc & moi buéc
chinh 1a dwong tang ludng.
Do thi G gior ddy khong con dwong di tir s tdi ¢, ta tim mot dwong di tir t vé s, két nap duong
di theo chiéu ngwoclai (tir s téi t) vao tap hop, x6a bo tat ca cac cung trén dwong di va ci tiép
tuc nhw vay cho t&i khi khdng con dwong di tir t vé s nira.



Bai tip 9-5

Twong tw nhw Bai tdp 9-4 nhung yéu cau thyc hién trén do thi vo hudng.

Bai tap 9-6 (H¢ daidién phan biét)

Mot1ép hoc cé n ban nam va n ban nit. Nhan ngay 8/3, 1&p c6 mua m moén qua dé cac ban nam

tang cac ban nit. MOi moén qua cé thé thudc s thich clia mot sd ban trong 16p.

Hay 1ap chwong trinh tim cach phan cong tdng qua théa man:

® Mobi ban nam phai ting qua cho diing mot ban nit va mdi ban nit phai nhan qua cta ding
mot ban nam. Mén qua dwoc tang phai thudc sé thich ctia ca hai nguoi.

® Modn qua nao da dwoc métban nam chon dé tang thi ban nam khac khong dwoc chonnira.

Goiy: Xy dung mot mang trong do6 tip dinh V gom 3 lép dinh S, X vaT:

® L&pdinh phatS = {s;, s, ..., s}, moi dinh twong img v&i mot ban nam.

® Lépdinh X = (x4,x5,..., X,,) mdi dinh twong tng véi mdt moén qua.

® Lopdinh thuT = {t;,t,, ..., t,} mdi dinh twong rng véimot ban ni.

Néu ban nam i thich mén qua k, ta cho cung noi tir s; t&i x4, néu ban nit j thich moén qua k, ta

cho cung néi tir x t&i tj. Stec chira clia cac cung dat bang 1 va sitc chira ctia cac dinh

vy, Uy, ..., U, cling ddt bang 1. Tim ludng nguyén cuc dai trén mang G c6 n dinh phat, n dinh

thu, d6ng thoi c6 ca rang budc sirc chira trén cac dinh, nhitng cung c6 luéng 1 sé néi gitta mot

mon qua va ngwoi tang/nhan twong tng.

Bai tap 9-7

Cho mang dién gdbm m X n diém nam trén mot luéi m hang, n cot. Mot s6 diém nam trén bién

cta lwdi 1a ngudn dién, mot s6 diém trén lwdi 1a cac thiét bi st dung dién. Nguwoi ta chi cho

phép ndi day dién gitra hai di€m nam cling hang hodc cling c6t. Hay tim cach dit cac day dién

ndi cac thiét bi sir dung dién v&i ngudn dién sao cho hai dwdrng diy bat ky néi hai thiét bi st

dung dién v&inguon dién twong ing cua ching khong dwoc c6 diém chung.
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Chomang G = (V, E, c,w, s, t) v&isitc chivranguyén: ¢: E — N. Goi C := max c(e).
e

O O O

Bai tap 9-8 (K¥ thuat gian strc chira)

a) Chirng minh rang lat cit s — t hep nhét cia G c6luu lwong khong vuotqua ClE|
b) V&i mot sé nguyén k, tim thuit toan xac dinh duwong tiang luéng c6 gia tri thing du> k
trong thoi gian O(|E|).



c) Chirng minh rang thut to4n sau day tim dwoc ludng cwc dai trén mang G:

procedure MaxFlowByScaling;
begin
f := «Luéng 0»;
k := C; //klisikcchia lén nhdt clia mgt cung trong E
while k 2 1 do
begin
while «Tim duoc duong tdng ludng P cbé gid tri thing du > k» do
«Tdng ludng doc theo dudng P»;
k := k div 2;
end;
end;

d) Chirng minh rang khi buéc vao médi lwot 1ap cia vong lap:
while k 2 1 do..
Luru lwong ctia lat cat hep nhat trén mang thang dw Gy khéng vwotqua 2k|E|.
e) Chirtng minh rang trong mdi lwot 13p ctia vong lap:
while k 2 1 do...
Vong 13p while bén trong thuc hién O(E) 1an véi mdi gia tri cia k.

f) Chirng minh rang thut toan trén (maximum flow by scaling) c6 thé cai dat dé tim ludng cuc
dai trén G trong thoi gian O(|E|?1log C).



