Chwong 10. Bo ghép cwc dai trén do6 thi hai phia
10.1. Po6 thi hai phia

Do thi vo hwéng G = (V, E) dwoc goi la d6 thi hai phia néu tip dinh V cta n6 c6 thé chia lam
hai tip con r&i nhau: X va Y sao cho moi canh ctia d6 thi déu ndi mot dinh thudc X véi mot
dinh thudc Y. Khi d6 ngwdi ta con ky hiéu G = (X U Y, E). D€ thuln tién trong trinh bay, ta goi
cac dinh thudc X 1a cac X_dinh va cac dinh thuéc Y la cac Y_dinh.

Hinh 10-1. D6 thi hai phia

Mot do thi vé hwdng la d6 thi hai phia néu va chi néu tirng thanh phén lién théng ctia né la do
thi hai phia. D€ ki€ém tra mot d6 thi vo hwéng lién thong c6 phai d6 thi hai phia hay khéng, ta
6 thé str dung mot thuat toan tim kiém trén do thi (BFS hodc DFS) bat dau tir mot dinh s bat
ky. bat:

X := {tAp cac dinh dén duoc tir s qua mot s6 chan canh}

Y = {tip cac dinh dén dwoc tir s qua mot s6 1é canh}
Néu ton tai canh cia d6 thi ndi hai dinh € X hodc hai dinh € Y thi d6 thi da cho khong phai do
thi hai phia, ngwoc lai do thi da cho la d6 thi hai phia v&i cach phin hoach tip dinh thanh hai
tap X,Y & trén.
D6 thi hai phia gdp rat nhiéu mo hinh trong thuc té. Chidng han quan hé h6n nhan giira tip
nhirng nguoi dan 6ng va tip nhirng ngwdi dan ba, viéc sinh vién chon trwong, thay gido chon

tiét day trong thoi khod biéu v.v...

10.2. Bai toan

Cho d6 thi hai phia G = (X UY, E). MOt b ghép (matching) cua G 1a mot tip cac canh d6i mot
khong cé dinh chung. C6 thé coi mot bd ghép la mot tAp M € E sao cho trén d6 thi (X U Y, M),
mdi dinh c6 bic khong qua 1.

Vén dé dat ra la tim mét bo ghép Ién nhdt (maximum matching) (c6 nhiéu canh nhat) trén d6

thi hai phia cho trwérc.



10.3. M6 hinh luéng

Ta x4y dung mang G’ tir do thi G bang cach dinh hwdng cac canh clia G thanh cung tir X sang
Y. Thém vao dinh phat s va cac cung néi tir s t&i cac X_dinh, thém vao dinh thu ¢ va cac cung
ndi tlr cac Y_dinh tdi ¢, stre chira cia tit ca cac cung dwoc dit bang 1.

Xét motludng trén mang G’ c6 ludng trén cac cung 1a s6 nguyén, khi d6 c6 thé thiy rang nhirng
cung c6 ludng bang 1 tir X sang Y sé& twong tng v&i mot bd ghép trén G. Bai toan tim bd ghép
cuc dai trén G c6 thé giai quyét bing cach tim ludbng nguyén cuc dai trén G’ va chon ra céc

cung mang luéng 1 néi tir X sang Y.

Hinh 10-2. M4 hinh luéng ctia bai toan tim b ghép cwc dai trén d6 thi hai phia.

Chung ta sé phan tich mot s6 dic diém cua dwong tang ludng trong tredrng hop nay dé tim ra

mot cach cai dat don gian hon.

Xét d6 thi hai phiaG = (X UY,E) vamot bo ghép M trén G.

® Nhitng dinh thudc M goi la nhitng dinh da ghép (matched vertices), nhirng dinh khong
thudc M goi la nhitng dinh chwa ghép (unmached vertices).

® Nhirng canh thuéc M goi la nhitng canh da ghép, nhirng canh khéng thuéc M dwoc goi la
nhitng canh chwa ghép.

® Néu dinh hwdng lai nhitng canh ctia d6 thi thanh cung: Nhitng canh chwa ghép dinh
hwéng tir X sang Y, nhitng canh da ghép dinh hwéng ngwoc lai tir Y vé X. Trén d6 thi dinh
hwéng d6, mot dwong di dwoc goi la dwong pha (alternating path) va mot duwdng di tir
mot X_dinh chwa ghép tédi mot Y_dinh chwa ghép goi la mot dwong mé (augmenting
path).

Doc trén mot dwong pha, cac canh da ghép va chwa ghép xen ké nhau. Pwong mé cling la mot

dwong pha, di qua mét sé 1é canh, trong d6 s6 canh chwa ghép nhiéu hon sé canh da ghép

dung mot canh.

Vi du v&i d6 thi hai phia trong Hinh 10-3 va mot bé ghép {(xy, v1), (x2, ¥2)}. Puwong di

(x3, V2, X3, ¥1) |a mot dwong pha, dwong di (x5, y,, X5, 1, X1, ¥3) 1a mot dwong mé.
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Hinh 10-3. Do thi hai phia va cic canh dwoc dinh hwdng theo mot bd ghép

Puong mé thue chit 1a dwong ting lubng véi gia tri thang dw 1 trén mo hinh luéng. Pinh ly
9-11 (mdi quan hé giita ludbng cwc dai, dwong tang ludng va lat cit hep nhat) da chi ra rang
diéu kién can va da dé mot bo ghép M 1a bo ghép cuc dai 1a khong ton tai dwong mé &ng véi
M.

Né&u ton tai dwong mé P (rng v&i bd ghép M, ta mé rong bd ghép bang cach: doc trén dwong
P loai bé nhitng canh da ghép khéi M va thém nhitng canh chwa ghép vao M. B ghép m¢&i thu
dwoc sé c6 luc lwgng nhiéu hon bd ghép cii dung mot canh. Day thuwce chat 1a phép ting ludng
doc trén duong P trén mo hinh luéng.

10.4. Thuat toan dwong mo

T mo6 hinh luéng cia bai todn, ching ta cé thé xdy dung dwgc thuit todn tim bo ghép cuc dai
dwa trén co ché tim dworng mé va tang cip: Thuat toan khéi tao mot bd ghép bat ky trude khi
buwéc vao vong ldp chinh. Tai méi bwéc lip, dwong mé (thwce chit 1a mot dwong di tir mot
X_dinh chwa ghép téi mot Y_dinh chwa ghép) dwoc tim bang BFS hodc DFS va bo ghép sé dwoc

m¢ rong dua trén dwong mé tim duorc.

M := «M6t bd ghép bt ky, chéng han: @»;
while «Tim dugc dudng mé P» do
«Doc trén duong P:
- Loai bdé nhitng canh dd ghép khéi M
- Thém nhiing canh chua ghép vao M
»

Vidu véi do thi trong Hinh 10-3 vabo ghép M = {(x4, v1), (3, )}, thuit todn sé tim dworc
dwong mé:

Xa > - Xy = - Xq
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Doc trén duwong mé nay, ta loai bé hai canh (y,, x,) va (y;, x;) khoi bd ghép va thém vao
bd ghép ba canh (x3,y,), (x5, 1), (x1,V3), dwoc bd ghép mai 3 canh. D6 thi véi bd ghép
m¢i khong con dinh chwa ghép (khong con dwong mé) nén day chinh la bg ghép cuc dai
(Hinh 10-4).



Hinh 10-4. M& rong bo ghép

10.5. Cai diit

Ching ta sé cai dat thuat toan tim bo ghép cwc dai trén do thi hai phia G = (X UY, E), trong
dé |X| =p, |Y| = g va |E| = m. Cac X_dinh dwoc danh so tir 1 téip va cac Y_dinh dwoc danh

s6 tlr 1 t&i g. Khuon dang Input/Output nhw sau:

Input

® Dong 1 chira ba s6 nguyén dwong p, g, m lan lwot la s6 X_dinh, s6 Y_dinh va s6 canh cda

do thi hai phia. (p, ¢ < 10*;m < 10°).

® m dong tiép theo, mdi dong chita hai s6 nguyén dwong i,j twong rng v&éi mot canh

(xi, y;) ctia do thi.
Output

B0 ghép cuc dai trén do thi.

Sample Input

Sample Output
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1: x[2] - y[1]
2: x[3] - yl2]
3: x[1] - y[3]

10.5.1. Bi€u dién db thi hai phia va bd ghép

Do thi hai phia G = (X U Y, E) s& duoc biéu dién bang cach danh sich ké cta cac X_dinh. Cu
thé 1a moi dinh x € X s& dwoc cho twong (rng v&i mot danh sach cac Y_dinh ké voi x.

Bo ghép trén d6 thi hai phia dwoc biéu dién béi mang match[1 ...ny], trong d6 match[j] 1a
chi s6 ctia X_dinh ghép véi dinh y;. Néu y; la dinh chwa ghép, ta gan matchlj] = 0.




10.5.2. Tim dwong mo

Purong mé thwe chatla mot dwong di tir mot X_dinh chwa ghép téi mét Y_dinh chwa ghép trén
do thi dinh hwéng. Ta sé tim dwdng mé tai mdi bwéc bang thuat toan DFS:

Bat diu tir mot dinh x € X chwa ghép, trwdc hét ta danh diu cac Y _dinh bang mang
avail[1 ...q] trong d6 avail[j] = True néu dinh y; € Y chwa tham va avail[j] = False néu

dinh y; € Y da tham (chi can danh dau cac Y_dinh).

Thuat toan DFS dé tim dwong mé& xuit phat tir x dwoc thwe hién bing mot thi tuc dé quy
Visit(x), thu tuc nay sé quét tat ca nhirng dinh y € Y chwa tham no6i tir X (di nhién qua mot

canh chwa ghép), véi mbi khi xét dén mot dinh y € Y, trweéc hét ta danh dau thim y. Sau doé:

® Néuy da ghép, dwa vao sw kién tir y chi di dén dwoc match[y] qua mot canh da ghép
hwong tir Y vé X, 1oi goi dé quy Visit(match[y]) dwoc thwe hién dé tham luén dinh
match[y] € X (tham lién hai buéc).

® Nguoc lai néu y chwa ghép, tirc 1a thuit toan DFS tim dwoc dwong mé két thic & y, ta
thoat khoi day chuyén dé quy. Qua trinh thoat diy chuyén dé quy thwc chit la IAn nguwoc
dwong ma, ta sé loi dung qua trinh nay dé mé rong bo ghép dwa trén dwong ma.

Dé thuit toan hoat dong hiéu qua hon, ta str dung lién tiép cic pha xtr 1y 16: Ky hiéu X* 1a tp

cac X_dinh chwa ghép, mbi pha sé c6 gdng mé rong bo ghép dwa trén khong chi mot ma nhiéu

dwong mé khong cé dinh chung xuat phat tir cac dinh khac nhau thudc X*. Cu thé 1a mot pha

sé khéi tao mang danh diu avail[1l ... q] boi gia tri True, sau dé quét tat cad nhirng dinh x €

X*, thr tim dwong mé xuat phat tir x va mé rong bé ghép néu tim ra dwong mé. Trong mot

pha c6 thé c6 nhiéu X_dinh dwoc ghép thém.

procedure Visit(x €X); //Thudttodn DFS
begin
for Vy: (x, y)€E do //QuétcdcY dinhkéx
if availly] then //ychua thdm, chiiy (xy) chdc chin ld canh chia ghép
begin
availly] := False; //Bdnhdduthimy
if match[y] = 0 then Found := True //ychwaghép, dung co bdo tim thdy dwong mé
else Visit(matchl[y]); //ydighép, goi dé quy tiép tuc DFS
if Found then //Ngay khi dwong mé dwoc tim thdy
begin
match[y] := x; //Chinhlaibg ghép theo dwong mé
Exit; //Thodtludn, Iénh Exit ddt & ddy sé thodt cd ddy chuyén dé quy
end;
end;
end;

begin //Thudt todn tim b ghép cuwc dai trén do thi hai phia
«Khdi tao mét bd ghép bat ky, ching han @»;
X* := «Tdp cac dinh chua ghép»;



repeat //Ldp cdc pha xtt Iy theo [6
0ld := |X*|; //Luus6 dinhchuwa ghép khi bdt diu pha
for Vy€Y do availly] := True; //Pdnhddu moiY dinh chwa thdm
for VxeX* do
begin
Found := False; //Cd bdo chwa tim thdy dwong mé
Visit(x); //Timdwong mé bang DFS
if Found then X* := X* - {x}; //xddduwocghép, logibd x khoi X*
end;
until |X*| = 01d; //Ldp cho tdikhi khdng thé ghép thém
end;

= BMATCH.PAS v Tim bd ghép cwc dai trén do thi hai phia

{$MODE OBJFPC}
program MaximumBipartiteMatching;

const
maxN = 10000;
maxM = 1000000;
type

TAdj = record //Cdu tric niit trong danh sdch ké
y: Integer; //dinh
link: Integer; //niitké tiép
end;
var
P, 9, m: Integer;
adj: array[l..maxM] of TAdj;
head: array[l..maxN] of Integer;
match: array[l..maxN] of Integer;
avail: array[l..maxN] of Boolean;
list: array[l..maxN] of Integer;
nList: Integer;

procedure Enter; //Nhdp ditliéu

var
i: Integer;
X, y: Integer;
begin

Readln(p, q, m);
FillChar (head[l], p * SizeOf (head[1]), 0);
fori ;=1 tomdo
begin
Readln(x, adj[i].y):;
adj[i].link := head[x]; head[x] := i;
end;
end;

procedure Init; //Khéditgobg ghép ring
var
i: Integer;
begin
FillChar (match[1l], q * SizeOf (match[1]), 0);
for i := 1 to p do list[i] := i; //Mdnglistchitacdc X dinh chwa ghép
nlist := p;
end;



procedure SuccessiveAugmentingPaths;
var

Found: Boolean;

0ld, i: Integer;

procedure Visit(x: Integer); //Thudttodn DFStirx €X
var
i: Integer;
begin
i := head[x]; //Tirddu danh sdch ké ciiax
while i <> 0 do
with adj[i] do
begin
if availly] then //ychwa thdm, hién nhién (x,y) ld canh chwa ghép
begin
availly] := False; //Pdnhdduthimy
if match[y] = 0 then Found := True //ychuwaghép thi bdo hiéu tim thdy dwding mé
else Visit(match[y]); //Thdm ludn matchfy] €X (thim lién 2 buwdc)
if Found then //Tim thdy dwing mé
begin
match[y] := x; //Chinhlaibg ghép
Exit; //Thodtddy chuyén dé quy
end;
end;
i := link; //Chuyénsang dinh kétiép trong danh sdch cdc dinh ké x
end;
end;

begin
repeat
01d := nList; //Luwulgisd X dinhchwa ghép
FillChar(avail[l], q * SizeOf(avail[l]), True);
for i := nList downto 1 do
begin
Found := False;
Visit(list[i]); //C6ghéplist[i]
if Found then //Néughép dwoc
begin //Xda list[i] khéi danh sdch cdc X_dinh chua ghép
list[i] := list[nList];
Dec(nList) ;
end;
end;
until Old = nList; //Khdngthé ghép thém X_dinh ndo nita
end;

procedure PrintResult; //Inkétqud
var
j, k: Integer;
begin
k :=0;
for j :=1 to q do
if match[j] <> 0 then
begin
Inc (k) ;
WriteLn(k, ': x[', match[j], '] - y[', 3, '1");
end;



end;

begin
Enter;
Init;
SuccessiveAugmentingPaths;
PrintResult;

end.

10.6. Panh gia

Néu d6 thi c6 n dinh (n = p + q) va m canh, do mang danh diu avail[1 ... ] chi dwoc khai tao
mot 1an trong pha, thoi gian thwe hién cia mot pha sé bang O(n + m) (suy ra tir thoi gian thuc
hién giai thuat ctia DFS).

Cac pha sé dwoc thwe hién 1ap cho téi khi X* = @ hodc khi mét pha thwce hién xong ma khong
ghép thém dwoc dinh nao. Thuit toan can khong qua p lan thyc hién pha xtr 1y 16, nén thoi
gian thuc hién giai thuat tim bd ghép cwc dai trén do thi hai phia 1a 0(n? + nm) trong trueong
hop x4u nhit. Con trong trirong hop tot nhat, ta c6 thé tim dwgc bd ghép cuc dai chi qua mét
lwot thuce hién pha xtr 1y 16, tirc 12 bang thoi gian thwe hién giai thuat DFS. Can lwu y rang day
chila nhitng danh gia O 16:n vé cin trén cda thoi gian thwe hién. Thult todn nay chay rat nhanh
trén thwc té nhwng hién tai toi chwa biét danh gia nao chit hon.

Y twdng tim mot lic nhidu dwdng mé khong cé dinh chung da dwoc nghién ctru trong bai toan
lubng cuc dai bdi Dinic (Dinic, 1970). Dwa trén y twéng nay, Hopcroft va Karp (Hopcroft &
Karp, An n”*(5/2) algorithm for maximum matchings in bipartite graphs, 1973) da tim ra
thuat toan tim b ghép cwc dai trén d6 thi hai phia trong thoi gian O (MlEl). Thuit toan
Hopcroft-Karp trwéc hét stt dung BFS d€ phan 16p cac dinh theo dd dai dwong di ngin nhat
sau dé m&i st dung DFS trén rirng cac cidy BFS dé xtr ly 16 twong tw nhw cach 1am cia ching

ta & trén.

Bai tap 10-1

Co p tho va g viéc. Mdi tho cho biét minh c6 thé lam dwgc nhitng viéc ndo, va mbi viéc khi giao

cho mot tho thuc hién sé dwgc hoan thanh xong trong ding 1 don vi thoi gian. Tai mét thoi

diém, moi the chi thwe hién khéng qua mot viéc.

Hay phan cdng cac thg 1am cac cong viéc sao cho:

®  Moi viéc chi giao cho diing mot the thuc hién.

® Thoi gian hoan thanh tit ca cac cong viéc 1a nho nhit. Chu y 1a cac tho c6 thé thuc hién
song song cac cong viéc dwoc giao, viéc clia ai ngwdi ndy lam, khong anh hwdng téi nguoi
khac.



Bai tap 10-2
Mot bo ghép M trén do thi hai phia goi 1a t6i dai néu viéc bd sung thém bt c canh nao vao
M sé lam cho M khong con 1a b6 ghép nira.
a) Chi ra mét vi du vé bo ghép tdi dai nhwng khéng 1a bé ghép cwc dai trén do thi hai phia
b) Tim thuit todn O(|E|) dé xac dinh mét bd ghép tdi dai trén d6 thi hai phia
c¢) Chitng minh rang néu A va B 12 hai bd ghép tdi dai trén ciing mot dd thi hai phia thi |4] <
2|B| va |B| < 2|A|. Tir @6 chi ra rang néu thuat toan dwong mé dwoc khéi tao bang mot bod
ghép t6i dai thi s6 lwot tim dwong mé giam di it nhat mot nira so véi viéc khéi tao bang bd
ghép rong.
Bai tap 10-3 (Pha dinh - Vertex Cover)
Cho d6 thi hai phia G = (X UY, E). Bai toan dat ra la hdy chon ra mot tap € gom it nhit cac
dinh sao cho moi canh € E déu lién thudc véi it nhat mot dinh thudc C.
Bai todn tim pht dinh nho6 nhat trén do thi tong quat la NP-day du, hién tai chwa c6 thuit toan
da thirc d€ giai quyét. Tuy vay trén do6 thi hai phia, pht dinh nho nhit c6 thé tim dwoc dwa
trén bo ghép cuc dai.
Dwa vao mé hinh ludng cia bai toan bd ghép cuc dai, gia st cac cung (X, Y) cé strc chira +oo,
cac cung (s,X) va (Y,t) c6 strc chira 1. Goi (S, T) 1a 1at cit hep nhit clia mang. Pit € =
{Tnxlu{sSnY}
a) Chirng minh rang € 12 mot phu dinh
b) Chirng minh rang C 1a phu dinh nhé nhat
c) Gia str ta tim dwoc M 12 bd ghép cuc dai trén do thi hai phia, khi d6 chic chan khong con
ton tai dworng mé twong ing véi bo ghép M. Dit:

Y* = {y € Y:3x € X chwa ghép, x dén dwoc y qua mot dwong pha}

X* = {x € X:x da ghép va dinh ghép v&i x khong thudc Y}
Chirng minh rang X* U Y* 1a phu dinh nhé nhét.
Bai tap 10-4 (Tép doc 1ap cuc dai)
Cho d6 thi hai phia G = (X UY, E). Bai toan dat ra l1a hdy chon ra moét tp I gom nhiéu dinh
sao cho hai dinh bt ky ctia I khong ké nhau.
a) Chirng minh rang néu I 1a tAp doc 1ap cwc dai thi |I| = |X| + |Y| — [M| véi |M] 14 s8 canh
ctia bd ghép cuc dai
b) X4y dwng thuét toan tim tip doc lap cwc dai trén d6 thi hai phia (Goi y: Quy vé bai toan tim
pht dinh)
Bai tap 10-5
Cho M 1a motbo ghép trén do6 thi hai phia G = (X U Y, E). Goi k las6 X_dinh chwa ghép. Chirng

minh rang ba ménh dé sau day 1a twong dwong:



® M labo ghép cuc dai.

G khong c6 dwong mé twong trng véi bo ghép M.
® Ton tai mot tip con A ctia X sao cho |[N(4)| = |A| — k. O day N(A) 1a tip cac Y_dinh ké
véi mot dinh nao do6 trong A (Goi y: Chon A la tdp cdc X_dinh dén dwoc tir mot X_dinh
chwa ghép bang mét dwong pha)
Bai tap 10-6 (Dinh ly Hall)
Cho G = (X U Y, E) 1a d6 thi hai phia c¢6 |X| = |Y|. Chitng minh rang G c6 b ghép day dua (bod
ghép ma moi dinh déu dwoc ghép) néu va chi néu |A| < |[N(A)| véi moi tip A < X.
Bai tap 10-7 (Phu duong tbi thiéu)
Cho G = (V,E) 1a d6 thi c6 huéng khong c6 chu trinh. Mot phi dwong (path cover) la mot tip
P cac dwong di trén G théa man: Vi moi dinh v € V, ton tai duy nhit mét dwong di trong P
chtra v. Pudng di c6 thé bat dau va két thic & bat cir dau, tinh ca dwong di do dai 0 (chi gdm
mot dinh). Bai toan dat ra la tim phi dwong t6i thiéu (minimum path cover): Phit dwong gom
it dwong di nhat.
Goinla s6 dinh ctia do thi, ta danh s6 cac dinh thudc V tir 1 t&i n. Xy dwng do thi hai phia
G'=(XVUY,E") trong do:
X = {x1, x5, ... Xp}
Y ={y1,Y2) - In}
TAap canh E' dwoc xay dung nhw sau: Véi mdi cung (i, j) € E, ta thém vao mdt canh (xl-, yj) €
E' (Hinh 10-5)

G— D

P, = (1,3,5)
Q P, = (2,4,6)
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Hinh 10-5. Bai toan tim phu dwong tdi thiéu trén DAG c6 thé quy veé bai todn bo ghép cuc dai trén do thi hai phia.

Goi M 1a mot bd ghép trén G'. Khéi tao P 1a tAp n dwong di, moi dudng di chi gdm mot dinh
trong G, khi d6 P 1a mot phtt dwong. Xét Ian lwot cac canh ciia bo ghép, mdi khi xét téi canh
(x;,¥;) ta dit canh (i, /) n8i hai dwong di trong P thanh mot dwomng...Khi thuét toan két thc,

P vAn 1a mot pha duwong.



a) Chtrng minh tinh b4t bién vong 13p: Tai méi budc khi xét téi canh (x;,y;) € M, canh (i, j) €
E chic chan sé ndi hai dwong di trong P: mot dwong di két thic & i va mot dwong di khac bat
dau & j. Tir d6 chi ra tinh ding din cta thuat toan. (Goi y: mdi khi xét t6i canh (x;,y;) € M va
dat canh (i, j) noi hai dwong di cia P thanh mot dwong thi |P| gidm 1. Vay Kkhi thuét todn trén
két thic, |P| = n — |M], t&rc la mudn |P| — min thi [M| - max).

b) Viét chwong trinh tim phu dwong cuec ti€u trén do thi cé hwéng khong co chu trinh.

c) Chi ra vi du d€ thiy rang thuat toan trén khong dung trong trwong hop G c6 chu trinh.

d) Chitng minh rang néu tim dwoc thuat toan giai bai toan tim pht duwdng cuc tiéu trén do thi
tong quat trong thoi gian da thirc thi cé thé tim dwoc dwong di Hamilton trén do thi dé (néu
c6) trong thoi gian da thirc. (Ly thuyét vé do phirc tap tinh toan da chirng minh dwoc rang
trén do thi tong quat, bai toan tim dwdng di Hamilton 1a NP-d4y du va bai toan tim pht duwong
cuc tiéu 1a NP-kho. C6 nghia 1a mot thuét todn véi d phirc tap da thirc d€ giai quyét bai toan
phu dwong cuc tiéu trén do thi tong quat sé la mdt phat minh 1én va dang ngac nhién).

Bai tap 10-8

Ty tim hiéu vé thuét toan Hopcroft-Karp. Cai dat va so sanh tdc do thuc té voi thuat toan trong bai.
Bai tip 10-9 (Bo ghép cuc dai trén d6 thi chinh quy hai phia)

Mot d6 thi vo hwéng G = (V,E) goi 1a do thi chinh quy bdc k (k-regular graph) néu bic cia
moi dinh déu bang k. D6 thi chinh quy bac 0 12 do thi khéng cé canh nao, d6 thi chinh quy bac
1 thi cac canh tao thanh b ghép day du, doé thi chinh quy bic 2 cé cac thanh phan lién thong
la cac chu trinh don.

a) Chirng minh rang do thi hai phia G = (X U Y, E) 1a @0 thi chinh quy thi |X| = |Y|.

b) Chirng minh rang ludn ton tai bd ghép day da trén do thi hai phia chinh quy bac k (k > 1).
¢) Tim thuét todn O(|E|log|E|) d€ xac dinh mot bd ghép day du trén do thi chinh quy hai phia
back > 1.



